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1.1 Introduction

If an experiment is repeated under essentially homogeneous and similar conditions, then
we generally come across two types of situations.

(@ The result or what is usually known as the outcome is unigue or certain.
(i) The result is not unique but may be one of the several possible outcomes.

The phenomena covered by (i) are known as deterministic or predictable phenomena.
By a deterministic phenomenon we mean one in which the result can be predicted with certainty

e.g.
@) For a perfect gas
V a 1
P
i.e. PV =constant ... (1)
Where V is one volume and P is the pressure of the gas,
provided the temperature remains the same.
(b) The velocity 'v' of a particle after time t is given by

v=u+at, ... 2)



where u is the initial velocity and a is the acceleration. Equation (2) uniquely determines
v if the right hand quantities are known.

(© Ohm's law, viz.,

c=—, . 3)
R
where c is the flow of current, E the potential difference between the two ends of the conductor
and R the resistance, uniquely determines the value ¢ as soon as E and R are given.

A deterministic model is defined as a model, which stipulates that the conditions under
which an experiment is performed determine the outcome of the experiment. For a humber of
situations the deterministic model suffices.

However, there are phenomena, as covered by (ii) above, which do not lend themselves
to deterministic approach and are known as unpredictable or probabilistic phenomena, e.g.,

(1) In tossing of a coin one is not sure if a head or a tail will be obtained.

(i) If a light-tube has lasted for m hours, nothing can be said about its further life. It
may fail to function any moment.

In such cases we talk of chance or probability which is taken to be a quantitative
measure of certainty.

The word probability may be used in two different contest. Firstly, it may be used in
regard to some proposition. Take, for instance, the statement, "It is very probable that India will
adhere to the democratic system of government till the end of this century" or, "It is very
improbable that the county's brain drain will stop in the near future". Probability here means the
degree of belief in the proposition of the person making the statement. This is called the
subjective probability.

Alternatively, the word may be used in regard to the results of an experiment that can,
conceivable, be repeated an infinite number of times under essentially similar conditions. The
results will be called events. The probability of an event here refers to the proportion of cases in
which the event occurs in such repetitions of the experiments. This type of probability is called
the objective probability, being a part of the real world, and it is with this sense of the word that
we shall be concerned in the present discussion.

1.2 Learning Objectives
After reading this unit, you should be able to:-
. Discuss the various terms that are frequently used in the theory of probability.

. Discuss the concept of probability and discuss to important approaches by
means of cohich we can estimate the probability of an event i.e. discuss the
classical approach or 'A Priori* approach and statistical or empirical probability.

. Discuss the limitations of classical definition of probability and empirical definition
of probability.

J Do some basic questions of probability.
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1.3 Basic Terminology
The following terms are frequently used in the theory of probability:-

If an experiment, when repeated under identical conditions, does not produce the same
outcome every time but the outcome in a trial is one of the several possible outcome, then such
an experiment is called a random experiment.

Examples of random experiments of are : fossing a coin, throwing a die, selecting a card
from a pack of playing cards etc. In all these cases, there are humber of possible results which
can occur but there is an uncertainty as to which one of them will actually occur.

Outcome
The result of a random experiment coill be called an outcome.
Trial and Event

Any particular performance of a random experiment is called a trial and outcome or
combinations of outcomes are termed as events e.g. is a coin is tossed repeatedly, the result is
not unique-we may get any one of the two faces, heat or tail. Thus tossing of a coin is a random
experiment or trial and getting of a head or tail is an event.

Elementary Event

If a random experiment is performed, them each of its outcomes is known as an
elementary event.

Sample Space

A sample space is defined as the set of all possible outcomes of an experiment and is
denoted by S. For example:-

0] In tossing a coin, sample space is given by
S={H, T}

(i) In tossing two coins simultaneously, sample space is given by
S={H,T) x(H, )} ={HH, HT, TH, TT}

(iii) In tossing three coins simultaneously, sample space is given by

S ={(H,T) x (H,T) x (H,T)}
= {(HH, HT, TH, TT) x (H,T)}
= {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

(iv) In throwing a die, sample space is
S={1,2,3,4,5,6}
(V) In throwing a die twice or in a single throw of two die, same space is

Sample Point
Elements of sample space S are known as sample points.
If we roll a die, them



S ={1,2,3,4,5,6}

and sample points are 1,2,3,4,5.6
Event

A subset of the sample space associated with a random experiment is called an event.
Certain (or Sure) Event

An event associated with a random experiment is called a certain event if it always
occurs whenever one experiment is performed.

Impossible Event

An event associated with a random experiment is called an impossible event if it never
occurs whenever the experiment is performed.

Compound Event

An event associated with a random experiment is a compound event if it is the disjount
union of two or more elementary events.

Exhaustive Events or Cases

The total number of possible outcomes of a random experiment is known as the
exhaustive events or cases. For example,

0] In tossing of a coin, there are two exhaustive cases, viz., head and tail come
possibility of the coin standing on an edge being ignored.

(ii) In throwing of a die, there are 6 exhaustive events since any of the six faces may
come uppermost.

(iii) In drawing two cards from a pack of cards, the exhaustive number of events is
52_, since 2 cards can be drawn out of 52 cards in 52 ways.

(iv) In throwing of two dice, the exhaustive number of cases is 6 since any of the 6
numbers 1 to 6 on the first die can be associated with any of the 6 numbers on
the other die. In general, in throwing of dice, n the exhaustive number of cases is
6".

Mutually Exclusive Events

Events are said to be mutually exclusive or incompatible, if the happening of any one of
them precludes the happening of all the others i.e. if no two or more of them can happen
simultaneously in the same trial. For example:-

() In tossing a coin the events head and till are mutually exclusive

(i) In throwing a die, all the 6 faces numbered 1 to 6 are mutually exclusive since if
any one of these 6 faces comes, the possibility of others in the same trial, is ruled
out.



Mutually Exclusive and Exhaustive System of Events

If there are events such that one of them must occur and the occurrence of one rules out
the possibilities of the occurrence of the others, them the events are said to be mutually
exclusive and exhaustive system of events.

Favorable Events or Cases

The number of cases favorable to an event in a trial is the number of outcomes which
ensure the happening of the event. For example:

() In drawing a card from a pack of cards the number of cases favorable for drawing
of a queen is 4, for drawing a spade is 13 and for drawing a black card is 26.

(i) In throwing of two dice, the number of cases favorable to get a sum 5 is (1, 4), (4,
1), (2,3),(3,2)i.e. 4.

Equally Likely Events

Outcomes of trial are said to be equally likely is taking into consideration all the relevant
evidence, there is no reason to expect any one in preference to other. For example:

0] In tossing an unbiased coin, head or tail are equally likely events.
(i) In throwing an unbiased die, all the six faces are equally likely to come.
Complimentary event (or negation) of E

Given an event E, the event which occurs when, and only when, E does not occur is
called the event "not E". This event "not E" is also called the complimentary event of E or
negation of E and is denoted by E°. For example, consider die is thrown. The two events. "the
number is even" and "the number is odd" are such that at least one of the events has to occur
and only one occurs. If the first event does not occur, then the second must occur and the non-
occurrence of the second means the first event must have occurred.

Simple Event, Compound Event

A single event is called a simple event and when two or more than two events occur in
connection with each other then their simultaneous occurrence is called a compound event.

1.4 The Concept of Probability

In any random experiment there is always uncertainty as to whether a particular event
will or will not occur. As a measure of the chance or probability, with which we can expect the
event to occur, it is convenient to assign a number between 0 and 1.

If we are sure or certain that one event will occur, we say that its probability is 100% or
1, but if we are sure that the event will not occur, we say that its probability is zero. If, for
example, the probability is 1/4. We could say that there is 25% chance it will occur and a 75%
chance that it will not occur. Equivalently, we can say that the odds against its occurrences are
75% to 25% or 3 to 1. There are two important approaches by means of which we can estimate
the probability of an event.



1. Classical Approach or 'A Priors' Approach

If a random experiment or a trial results in 'n' exhaustive, mutually exclusive and equally
likely outcomes (or cases), out of which m are favorable to the occurrence of an event E, then
the probability 'p' of occurrence (or happing) of E, usually denoted by P(E), is given by,

Number of FavourableCases m
p=P(E)= : =— 1)
Total number of exhaustivecases n

Remarks

0] Sincem>0,n>0and m < n, we get from (1) P(E) >0 and P(E) <1 = 0 < P(E)
<1

(i) Sometimes we express (1) by saying the odds in favour of E are m : (n-m) or the
odds against E are (n-m) : m™.

(iii) The non-happening of the event E is called the complementary event of E and is
denoted by E or E°.

(iv) Probability 'p' of the happening of an event is also known as the probability of
success and the probability 'q" of the non-happening of the event as the
probability of failure i.e. p +q = 1.

(V) If P(E) = 1, E is called a certain event and if P(E) = 0, E is called an impossible
event.
2. Statistical or Empirical Probability

If an experiment is performed repeatedly under essentially homogeneous and identical
conditions, them the limiting value of the ratio of the number of times the event occurs to the
number of trials, as the number of trials becomes indefinitely large, is called the probability of
happening of the event, it being assumed that the limit is finite and unique.

Symbolically, if in N trials an event E happens M times, then the probability of the
happening of E, denoted by P(E), is given by:

. M
PE=LIMm~-> = - (2
N—ow N
Limitations of These Definitions
() The classical definition breaks down if
0] The various outcomes of the random experiment are not equally likely. For
example:

(@) The probability that a ceiling fan in a room will fall is not 1/2, since the
events of the fan 'falling' and 'not falling' though mutually exclusive and
exhaustive, are not equally likely. In fact, the probability of the fan falling
will be almost zero.

(b) If a person jumps from a running train, then the probability of his survival
will not be 50%, since in this case the events survival and death, though
exhaustive and mutually exclusive, are not equally likely.
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(i) The exhaustive number of outcomes of the random experiment is infinite or
unknown.

Il. The Empirical definition has the following limitations:

0] For large repetition of any experiment, the experimental conditions may not
remain identical and homogeneous.

(i) The result generally differs for different set of experiments of the same type:

Let us improve our understanding of these results by looking at some following
examples:-

Example 1: Three coins are tossed once. find the probability that
(@ head and tails appear alternatively
(i) at least one head and one tail occur.
Sol. Here S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
.. Total number of outcomes = 8
(@ Favourable cases are HTH, THT
.. Number of favourable cases = 2
: - 2 1
.. Required probability = §: 2
(i) Favourable cases are HHT, HTH, THH, TTH, THT, HTT
.. Number of favourable cases = 6
: - 6 3
.. Required probability = 3 = 2
Example 2: In a single throw of two unbiased dice, what is the probability of obtaining:
(@ atotal of 7 ? (i) a total of 13 ?
(iii) a total as even number ?

Sol. We have

1) @12 13 @4 15 (Lo
21 (22 (23 24 (25 (26
3D (32 (33 (34 (35 (36
SE14) (42 (43 (44 (45 (4,6
G1) (52 (53 (4) (55 (56
61 (62 (63 (64) (65 (67

.. Total number of outcomes = 36



0] Favourable outcomes are (1,6), (2,5), (3,4), (4,3), (5,2), (6,1)
.. Number of favourable outcomes = 6

6 1

.. Required probability = — = —

q p y %6

(i) A total of 13 is an impossible event as the sum f two numbers on the two dice
can not be 13.

.. Number of favourable outcomes = 0
.. Required probability = 3—%: 0

(iii) Favourable outcomes are

(1.1), (1,3), (1,9), (2,2), (2,4), (2,6), (3,1), (3,3), (3,5), (4.2), (4.4), (4.6), (5.1),
(5.3), (5,5), (6,2), (6,4), (6.6).

.. Number of favourable outcomes = 18

18 1
.. Required probability = — = —
q p y % 2

Example 3: What is the choice that a leap year selected at random will contain 53 Sundays?
Sol. Leap Year contains 366 days.

.. There are 52 complete weeks and two days other. The following are the
possibilities of these two 'over' days:

0] Sunday and Monday (ii) Monday and Tuesday
(iii) Thursday and Friday (iv) Wednesday and Thursday
(V) Thursday and Friday (vi) Friday and Saturday

(vii)  Saturday and Sunday
Now there will be 53 Sundays in a leap year when one of the two over days is a Sunday.

.. out of 7 possibilities, two are favourable to this event.
. . 2
.. Required probability = -

Example 4: Tickets are numbered from 1 to 10. Two tickets are drawn one after the other with
replacement. Find the probability that the number on one of the tickets is a multiple of 5 and the
other a multiple of 4.

Sol. Two tickets are drawn from tickets numbered 1 to 10.

- S={11), (1,2), (1,3)......., (10,9), (10,10)}
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.. Total number of possible outcomes
=10x 10=100

Let E denote the event that number on one of the tickets is a multiple of 5 and the
number on the other is a multiple of 4.

. A={(5,4), (5,8), (10,4), (10,8), (4,5), (4,10), (8,5), (8,10)}
.. Number of favourable cases = 8

8 2

.. Required probability = —= —

b P Y 100 25

Example 5: In a random arrangement of the letters of word '‘Mathematics', find the probability
that all the vowels are together.

Sol. Given word is 'MATHEMATICS'

No. of given letters = 11

No. of M's =2

No.of T's=2

No. of A's =2

.. Required number of arrangements = ﬁ
1222

_ 11x10x9x8x 7x6x5x4x 3% 2><1: 4989600

(2xDx (2xDx (2x1)
.. Total number of cases = 4989600

Consider the four vowels as one letter.

8

.. 8 letters can be arranged in —— ways.
22

Also four vowels can be arranged in %Ways.
.. Number of words in which vowels are always together = ﬁ X ﬁ
22 |2

_ 8x7x6x5x4x3x2x1 y 4x3x2x1
(2x1)x(2x1) 2x1

=120960

.. Number of favourable cases = 120960



120960 _ 4
4989600 165

Example 6: 20 books are placed at random in a shelf. Find the probability that a particular pair
of books is

0] always together (i) never together

.. Required probability =

Sol: Total no. of books = 20

Number of ways in which these can be arranged = |20

.. Total number of cases = |20

(@ Consider the two particular books as one. So 19 books can be arranged in |19
ways. Also two particular books can be arranged in themselves in [2=2 x 1 = 2 ways.

. Number of ways in which two particular books are always together = 2|19

. Number of favourable cases = 2|19

219
‘. Required probabilty = "= - = %
X

(i) Number of ways in which 2 particular books are never together = |20 - 2|19

= 20|19 - 2|19 = 1819

. Number of favourable cases = 1819

1819 _ 1819 _ 9
20 ~ 20x|19 10

.. Required probability =

Example 7: Find the probability that when a hand of 7 cards is dealt from a well-shuffled deck of
52 cards, it contains.

0] all 4 kings (ii) exactly 3 kings
(iii) at least 3 kings
Sol: Total number of cards = 52

Number of cards to be taken =7

. Total number of possible hands = 52,

.. Total number of possible hands = has 4 kings
() P (a hand has 4 kings) = P (a hand has 4 kings and three cards from non-kings)
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404 X 4803

52,

48x 47 x 46
Ix— —

- 1x2x3
52x51x50x 49x 48x 47 x 46

Ix2x3x4x5x6x7
1
7735

403 x 48c4

(i) Number of hands with 3 kings and 4 cards from non-kings = 2

fx 48x 47 x 46x 45

- 1 1x2x3x4
52x51x50x 49x 48x 47 x 46

Ix2x3x4x5x6x7

9
1547
(iii) P (at least 3 kings) = P(3 kings) + P(4 kings)
1 9
= —4 —
7735 1547

_1+45_ 46
7735 7735

Dear Students, now try the following exercises:-

1.4

15

Self Check Exercise

Q.1 In alottery of 50 tickets numbered 1 to 50, two tickets are drawn simultaneously.
Find the probability when

0] both the tickets drawn have prime numbers
(i) none of the tickets drawn has prime number.

Q.2 If n biscuits are distributed among N beggars, find the probability that a particular
beggar receives r (< n) biscuits.

Summary
We conclude this unit by summarizing what we have covered in it:-

1) Defined and discussed the various terms that are used in the theory of
probability.
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1.6

1.7

1.8

Various terms defined are: Random experiment, outcome, trial, event, sample
space, sample point, certain event, impossible event, compound event,
exhaustive, events, mutually exclusive events, favourable events. equally likely
events, complimentary events, simple event, compound event.

2) Discussed the concept of probability by classical approach or 'A Priori' approach
and statistical or empirical probability.

3) Did some basic questions of probability.

Glossary:

1. If an experiment, when repeated under identical conditions, does not produce the
same outcome every time but the outcome in a trial is one of the several possible
outcomes, these such as experiment is called a random experiment.

2. Any particular performance of a random experiment is called a trial and outcome
or combination of outcomes are termed as events.

A sample space is defined as the set of all possible outcomes of an experiment

4, An event associated with a random experiment is called a certain event if it
always occurs whenever the experiment is performed.

5. The total number of possible outcomes of a random experiment is known as the
exhaustive events or cases:

6. Events are said to be mutually exclusive if the happening of any one of them

precludes the happening of all the others.

Answer to Self Check Exercise

Ans.1 A
245
Ans.2 &
245

_ N n, x(N-1)"

Ans.3 Required probability = T

References/Suggested Readings

1.

Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007

Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.
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1.9

Terminal Questions

1.

Two cards are drawn together from a back of 52 cards at random. What is the
probability that

() both are spades?
(i) both are kings?
(iii) exactly one is king?

If p, q are chosen randomly from the set :1,2,3,4,5,6,7,8,9,10}. Determine the
probability that roots of equations x? + p x + g = 0 are real.

A fair coin is tossed four times, and a person wins Rs. 1 for each head and loses
Rs. 1.50 for each tail that turns up. Calculate how many different amounts of
money he can have after four tosses and the probability of having each of these
amounts.
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Unit - 2

Probability Axioms

Structure

2.1 Introduction

2.2 Learning Objectives

2.3 Axioms of Probability And The Probability Set Function

2.4 Some Important Theorems on Probability
Self Check Exercise

2.5 Summary

2.6 Glossary

2.7  Answers to Self Check Exercises

2.8 Reference/Suggested Readings

2.9 Terminal Questions

2.1 Introduction

The probability axioms are set of fundamental principles that govern one mathematical

theory of probability. These axioms were developed to provide a rigorous and consistent
framework for defining and analyzing probabilities. The three main probability axioms are : Non-
negativity axiom; Normalization axiom; Additively axiom. These three axioms form the
foundation of probability theory and are used to derive various properties and theorem in
probability. These probability axioms provide a solid mathematical foundation for probability
theory and enable the development of more advanced concepts and applications in the field of
probability and statistics.

2.2

2.3

Learning Objectives

After studying this unit, you should be able to:

. Define and discuss the three axioms of probability.

. Define and discuss the probability set function.

. Prove some important theorems of probability.

. Do questions related to probability by using theorems.

Axioms of Probability And The Probability Set Function

Suppose we have a sample space s. If S is discrete, all subsets correspond to events

and conversely, but if S is non-discrete, only special subsets (called measurable) correspond to
events. To each event A in the class C of events, we associate real number P(A). Then P is

14



called a probability set function, and P(A) the probability of the event A, if the following axioms
are satisfied:

Axiom 1: For every event A inthe class C, P(A)>0. ... D

Axiom 2 : For the sure or certain eventintheclass C,P(S)=1 ...... (2)

Axiom 3 : For any number of mutually exclusive events A;, A,,....... , in the class C,
P(ALUA U ........... )=PA) + PA) + oo, (3)

In particular, for two mutually exclusive events A;, A,,
P(Al U Ag) = P(Al) + P(Az) ..... (4)
The above three axioms give the Axiomatic definition of probability.

A more rigorous definition of a Probability set Function is:

P(A) is called the probability set function defined on a o - field c of events if the following
properties or axioms hold:-

1. Axiom of non-negativity : For each AeC, P(A) is defined, is real and P(A) > 0
2. Axiom of certainty : P (s) =1

3. Axiom of additivity : If {An} is any finite or infinite sequence of disjoint events in ¢, then

p =(QAJ=§P(A)

2.4 Some Important Theorems on Probability
Theorem 1 : For each a belonging to the class c of events,
P(A)=1-P(A)
or  P(A)=1-P(A)

—
|
|
1

Proof : Let S be the sample space .

Since ANA=¢,Aand AcS
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S=AUA
By axioms (2) and (3), we have
P(s) =1
and P (AUA)=P(A) + P(A)
Thus, we get
1 =P(a) + P(A)
= P(A)=1-P (a)
Or equivalently
P(A)=1-P (A)
Theorem 2 : The probability of the null set or empty set is zero, that is P(¢) =0

Proof : Let S be the sample space.

ThenSN¢=pandSu =S
= PS U ¢)=P(S)
Now Axiom (3) = P(S U ¢) = P(S) + P(¢)
and Axiom (2) = P(S) =1
.. Equation (1) becomes
P(S) + P(¢) = P(S)
= 1+T1(p) =1
= P($)=0
Hence the result
Theorem 3 : For any two events A and B in the class C of events, show that if B < A, then
(i) P(A N B)=P(A) - P(B) or P(A - B) = P(A) - P(B)
(i) P(B)<P(A)
Proof : (i) Since B c A, therefore B and ANB are mutually exclusive events,
i.e. BN(CNB)=¢
Moreover,

BUANB)=A

PBU(ANB))=P(A)
16



= P(B) + P(ANB) = P(A)
—  P(ANB)=P(A) - P(B) (1)

SinceANB=A-B
Therefore, (i) can also be written as
P(A-B)=P (A) - P(B)
(i) From Axiom (i), probability of any event in s is greater than or equal to zero.
In Particular, P(A-B) >0
Using (2), we have P(A) - P(B) >0
or P(B) < P(A) .(3)
Hence the result
Theorem 4 : For every event A,
0<P(A) =<1,
i.e. a probability is between 0 and 1

Proof : We know that for any event A in the class C of events, A — S where S is the sample
space.

Now P(A) < P(S)
But P(S) =1 [By Axiom (2)]
P(A) <1
Also, by Axiom (1), we have
P(A) >0
On combining these two, we get
0<PA)<1
Hence the result.
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Theorem 5 : For any two events A and B, prove that
() P(ANB)=P(B)-P(ANB)

(i) (AN B)=P(A)-P(ANB)

=
P T o o Y e '
f | i~
| fla et = |
|‘ ‘f ANB ,':,N\ BY -
| “\ f [ ' -(r_, A |
|' - B S e ‘
'
(S {

Proof: (i) We have A N B and A N B are disjoint events i.e.
(A NB)N B) = ¢ Also

(ANB)U(ANB)=B
P[(ANB)U(ANB)| =P(E)

—  P(ANB)+P(ANB)=P(B) [~ of Axiom (3)]
—  P(ANB)=P(B)-PANB)
Hence the result.
(i) Similarly Starting with
(AN B)N(ANB)=¢
and (AN B)U(ANB)=A
We can show that

Theorem 6: Addition Theorem of Probability

Statement: If A and B are any two events c subsets of sample space < o, then from the class
c containing the events A and B cohich are not disjoint, we have

P(AuB)=P(A) + P(B) - P(AN B)

Proof: From the Venn diagram, we have
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=

AUB = Au(z\ﬂ B),cohere A and A NBare mutually disjoint.
P(AUB) = P[AU (AN B)]

= P(A) + P(A N B) [By Axom3] .. )

=P(A)+P(®B)-P(ANB) | P(ANB)=P(B)- p(ANB)]

OR From (*) onwards

P(A UB) = P(A) + [P(Zﬂ B) = P(AN B) + P(AN B)] _P(A N B)
=P(A) +P| (ANB)U(ANB)-P(ANB)]

[+ (A N B)and (AN B) are disjoint]
P(A U B) = P(A) + P(B) - P(A N B)
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Cor. 1: If the events A and B are mutually exclusive, then

ANB=¢=PANB)=P($)=0
so that above result becomes
P(AuB)=P(A) + P(B)
which is the third axiom of probability.
Cor 2: For three not mutually exclusive events A, B and C, we have
PAuBUC)=P(A)+PB)-P(ANB)-P(BNC)-P(CNA)+P(ANBNC)
Proof : We have

P(AuBUC)=P[AuU (BuC)]

=P(A) + P(B U C) - P[A N(B U C)]

= P(A) + P(B) + P(C) - P(B N C)
=P[(ANB)U (AN C)]

= P(A) + P(B) + P(C) - P(B N C) -
-[P(ANB)+P(ANC)-P{ANB)N (BN C)
= P(A) + P(B) + P(C) - P(ANB) - P(B N C) -

“P(CNA)+P[ANBNC]

20



Hence the result.

Theorem 7: For any events A and B, prove that P(A) = P(A N B) + P(A NB)

o e l
S

Pl 4 l
(R0 Y N
T ang 1= |
‘! \"‘:*-' 2
R |

-
Proof : We clearly have A N B and A N B are disjoint sets.
ie. ANB)N(ANB)=¢
AlsoA=(ANB)U(ANB)
. P(A)=P[(ANB)U(ANB)
By Axiom (2) of probability, we have
P(A) = P(A N B) + P(A N B)
Hence the result.
Theorem 8 : Generalised Addition Theorem
For any n events A, A,, ..... , A, in a sample space, we have

p{QA}éP(A)- > X PANA)

KKi<j<n

F S PANANAY+ .. +

1<i< j<k<n
+ (D™ P AL NAN...NA,)
Proof : We shall prove the result by induction on n.
For n = 2, we have
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P(A1UA,) =P(A) + P(A) - P(AL NAY) (1)
Which is always true
" the result holds for n = 2.
Let the result hold forn=r

Le. P[UA}iP(A)— 2. > PANA)

i<j<r

+ 33 PANANAY+ ..+

1<i< j<ksr

.......... CDPPANAN....NA) ..(2)
is true

We shall now show that the result is also true forn =r + 1.

Consider

 (Jn)- e ([a)on)

Using equation (1), we get

P (UiAJ =P (;A} P(Ar) - P((irlAJﬂM]

=P (UA]"‘ P(Ar+l) - P(i (A ﬂAHl)j

i=1

Using equation (2), we get

P[DAJ= iP(A)-ZZP(AinA,-)

Ki<j<r

S PANANAY+..... +

I<i<j<ksr

22



r+1

ZP(A) Y PANA)+ DYDY PANANA)

I<Ki<j<r I<i<j<ksr

{ZP(AHAH) S S P(ANALNA)

Ki<j<ksr

+ . +(-1)MP(ALNAN ... N Arer)]
[+ of (2)]
= iP(A) {ZZP(AHA,HZP(AQAHH

SSSPANANA) + Y. SP(ANANA.L)

I<i<j<ksr Ki<j<r

+CDTP (AN AN . N AL) + (1) P (AN A N s N AL

r+1

= 2PMA) - 13 P(ANA)

I<i<j<r+l

F S PANANAY+.+ (1) P (A NAN

I<i<j<k<r+l
the result is true forn=r + 1.
by principle of Mathematical induction, the result is true V n e N

Theorem 9 : Boole's Inequality : For any n events Ay, A,,......, A,, we have

() P[ﬁAjziP(A)-(n-n 0 (ﬁAjsiP(A)

Proof : (i) For any two events A, A,
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P(AUA,) = P(A;) + P(Ay) - P(ALINAY)

= P(A1NA;) = P(A1) + P(A2) - P(A1UA,) (1)
By axiom (1) of probability
PA)<1=-PA)>-1

and in particular - P(A1UA,) > -1

= - P(A) + P(A2) - P(A1NA;) > -1
= P(A1NA,) > P(A)) + P(Ay) - 1 we(2)
= The result is true forn = 2

Let us suppose that the result is true forn =r

ie. P (hAjz iP(A)—(r—l) .(3)

Now considern=r+ 1

P(O A] =p [(ﬂ j+ P(AH)—l] + P(An) - 1 [+ of (2)]

i=1

> 2 P(A)-(r-1) +P(A.) - 1 [+ of (3)]

r+1

= ZP(A)—(r+1—1)

ie.P (hlAj > iP(A)—r

= the resultistrueforn=r+1
Thus the mathematical induction the result is true ¥ n  N.

(i) We shall proceed by induction on n.
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We already have

P(A1UA2) = P(Al) + P(Az) - P(AlmAz)

= P(A1NA) = P(A)) + P(Ay) - P(ALUA,)
P(A:NA2) >0
P(A;) + P(Ay) - P(A1UA,) >0

= P(A1NA,) < P(Ay) + P(AL) ..(3)
The result is true for n = 2.

Let us suppose that the result is true for n =r.

ie. P (hAjz iP(A) (4

Now we shall show that the result is true for n = r+1.

For this we have

P (UAJ :pKU ]UAH}

<P (U AJ+ P(A+1) [ of (3)]

i=1

< Y P(A)+P(A.) [ of (4)]

r+1 r+l
ie. P (U Aj <> P(A)
i=1 i=1
.. by mathematical induction the result is true foralln € N

i.e. P(L:JAJ < Zn:P(A)
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Theorem 10 : For any n events Ay, A,, ....., A,, we have

[UAJ>ZP(A) Y YP(ANA)

I<i<j<n

Proof : We shall prove the result by induction.
We have that
P(AUAUA;) = P(A1) + P(A2) + P(Ag)
- P(A1NA,) + P(A:NA3) + P(AsNAL) + P(A1NA; NA3)
> P(A1) + P(A2) + P(A3) - [P(A1NA) + P(ANA3) + P(AsNAL)
[AS P(AlnAz ﬂAg) < 1]
3 3
e.p[UA ]2 TP - £ XR(ANA)
i=1 i=1 1<i<j<3

The result holds for n = 3.

Let us suppose that the result is true for n =r.

i.e. PP[UAJ>ZP(A) Y Y PANA) ()

KKi<j<r

We shall prove that the result is also true forn =r + 1.

For this, consider

(Un)-r ((Uafon)

(U A]+ P (An) - P((U Aju AHJ

i=1 i=1

Ki<j<r =1

{z P(A)- S5 P(AmA)}mAM) {[Ua)na)
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ZP(A) >3 P(ANA)-¢ [(UAJM]

Ki<j<r =1

By Boole's inequality, we have

»(Uanan )< XP(ANA..)
= i=1

= -P (U(A ﬂ&o}-i P(ANA.) -3
E i=1

from (2) and (3), we get

P[UAJ ZP(A)+ > P(ANA)>- ZP(AHAH)}

Ki<j<r

> (Un J:Epe- | xranay Seana,

Ki<j<r

r+1

= ZP(A) 2.2 P(ANA)

Ki<j<r+l

Hence the result.
Let us now do some examples to have better idea of the concept : -

[...

of (1)]

. 1
Example 1 : If A and B are two events defined on a sample space such that P(AuB) = 3 then

find P(A).
5 1 1
Sol. Here P(AuB) = —, P(ANB) = — B)= =
( )6 ( )3 P(B) 3
_ 1 1 1 2
NowPB)= == = 1-P(B)= = P(B) = —

Also  P(AUB) = P(A) + P(B) 0 P (ANB)
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§=P(A)+E+E
6 3 3
= P(A)=§-E+E
6 3 3
_3_1
6 2

Example 2: A ball is drawn at random from a box containing 6 red balls, 4 white balls and 5
blue balls. Determine the probability that ball drawn is

(@ red (b)  white
(© blue (d) red or white

Sol: Let A be the event of drawing a red ball, B be the event of drawing a white ball and C be
the event of drawing a blue ball.

Then AUB is the event of drawing either red ball or a white ball.

6 2
a P (red bal) =P(A) = — = —
(a) ( ) = P(A) 55
(b) P(white ball) = P(B) = 4
15
5 1
c P (blue bal) =P(C) = — = —
(©) ( ) = P(C) 53
(d) P (red ball or white ball)
= P(AuB) = P(A) + P(B) [-.~ A and B are mutually exclusive)
6 4 10
= — 4+ — = —
15 15 15
_2
3

Example 3: The odds in favour of standing first of three students appearing at an examination
arel:2,2:5and 1:7 respectively. Find the probability that either of them stands first.

Sol. Let A, B, C denote the events of standing first of the three students respectively.

PA)= o= = P(B)= Sop = 2
1+2 3 2+5 7
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25

2.6

)= L =1
1+7 8

Required probability = P(AuBUC)

=P(A) + P(B) + P(C)

[-.- events A, B and C are mutually exclusive)

1 2 1
= 4+ =+ =
3 7 8
_125

168

Self Check Exercise

, 1 2
Q.1 A and B are two non-mutually exclusive events. If P(A) = Z P(B) = E and
P(AUB) = % . find the values of P(ANB) and P(ANB).
Q.2  One card in drawn from a pack of 52 cards, each of 52 cards being equally likely
to be drawn. Find the probability of
0] the card drawn is red
(ii) the card drawn is a king
(iii) the card drawn is a red and a king
(iv) the card drawn is either red on a king.
Summary

We conclude this unit by summarizing what we have covered in it:-

1.

Defined and discussed three axioms of probability i.e. non-negativity axiom;
normalization axiom and additivity axiom.

Defined and discussed the probability set function.
Proved some basic and important theorems on probability.

Did some equations on probability by using basic theorems and axioms of
probability.

Glossary:

1.

Suppose we have a sample space S. If S is discrete, all subsets correspond to
events and conversely, but if S is non-discrete, only special subsets c(called
measurable) correspond to events. To each event A in the class C of events, we
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associate real number P(A). Then P is called a probability set function and P(A)
the probability of the events if it satisfies three axioms.

If A and B are any two events, then from the class C containing the events A and
B which are not disjoint, we have

P(AuB) = P(A) + P(B) - P(ANB)

2.7 Answer to Self Check Exercise

Ans.1 P(ANB) = i
20
and P(ANB) = 1
10
0 5 CI
1 . 7
(iii) % (iv) T

2.8 References/Suggested Readings

1.

Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007

Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

2.9 Terminal Questions

1.

A and B are two events such that P(A) = 0.54, P(B) = 0.69 and P(ANB) = 0.35,
find (i) P(AUB)(ii) P(ANB)
(iii) P(ANB) (iv) P(BNA)

A card is drawn from 52 cards at random. Find the probability that card drawn is
a heat or a face card or an ace.

M and N are two events. Show that the probability that one of them occur is P(M)
+ P(N) - 2 P(MNN).

Two unbiased dice are thrown. Find the probability that neither a doublet nor a
total of 10 will appear.
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Unit -3

Conditional Probability, Multiplication Theorem of
Probability And Independence

Structure
3.1 Introduction
3.2 Learning Objectives
3.3 Conditional Probability Self-Check Exercise-1
3.4 Multiplication Theorem of Probability
3.5 Independent Events
3.6 Pairwise And Mutually Independent Events

Self Check Exercise-2
3.7 Law of Total Probability
3.8 Baye's Theorem

Self-Check Exercise-3
3.9 Summary
3.10 Glossary
3.11 Answers to Self Check Exercises
3.12 Reference/Suggested Readings
3.13 Terminal Questions
3.1 Introduction

The probability P(A) of an event A represents the likelihood that a random experiment
will result in an outcome in the set A relative so the sample space S of the random experiment.
However, quite often, while evaluating some event probability, we already have same
information stemming from the experiment. For example, if we have prior information that the
outcome of the random experiment must be in a set B of S, then this information must be used
to re-appraise the likelihood that the outcome will also be in B. This re-appraised probability is
denoted by P(A/B) and is read as the conditional probability of the event A, given that the event
B has already happened. For example, let us consider a random experiment of drawing a card
from a pack of cards. Then the probability of happening of the event A : "The card drawn is a

4 1
king", isgiven by : P(A) = — = —
g'isg y: P(A) =13

Now suppose that a card is drawn and 49 we are informed that the drawn card is red.
How does this information effect the likelihood of the event A? Obviously, if the event B, the
card drawn is red, has happened, the event 'Black card' is not possible. Hence the probability of
the event A must be computed relative to the new sample space 'B' which consists of 26 sample
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points (red cards only). Among these 26 red cards, there are two red kings. Hence the required

2 1
robability P(A|IB) = — = —.
p y P(A|B) % - 13

From this illustrations we observe that some additional information may change the
probability of the happening of some event.

3.2 Learning Objectives
After studying this unit, you should be able to:

. Defined and discuss conditional probability and do questions related to it.

. State and prove multiplication theorem of probability.

° Define and discuss independent events.

° State and prove multiplication theorem of probability for independent events.
° Define and discuss pairwise and mutually independent events.

. Prove the theorem on law of total probability.

. Prove Baye's theorem.

° Do questions related to these theorem's.

3.3 Conditional Probability

Let A and B two events and S be the sample space. We denote by P(BJA) the probability
of B given that A has occurred called the conditional probability of B given A. Since A is known
to have occurred, it becomes the new sample space replacing the original S. we thus have
conditional probability of B given A

-
il o
i

P(ANB)
P(A)

We can also define P(B|A) as a probability set function, defined for subset of A as
follows:

P(BIA) =
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1. P(B|A) >0

2. P(B,uB,u....... [A) = P(B,|A) + P(ByJA) +......... , provided that B4,B,,........ are
mutually disjoint sets.

3. P(AIA) =1

The statements 1 and 3 are obvious and for the 2 statement, we note that, by def.

_ P[AN(BUB,....)]

P(BiUBU......... |A) P(A)
_ P[(ANB)U(ANB,)U.....)]
i P(A)

Here (ANB) N (ANB) = AN(BNB) = AN¢ = ¢

.. the above relation becomes.

P(B1UB,uU....... |A) = P(AN B)+ P(AN B,)+......
P(A)
_ P(ANB) , P(ANB,) ,
P(A) P(A) ........
= P(BJ_UBzu ......... |A) = P(BllA) + P(leA) +

Thus, statements is also proved and P(BJA) is a probability set function. This may thus

be called the conditional probability set function, relative to the hypothesis A.
Similarly, P(A|B) = conditional probability of A and B = —P(PA(Q)B)

Let us do some examples to have better idea of the concept:-
Example 1: If A and B are two events such that P(A) = 0.5, P(B) = 0.6 and P(AuB) = 0.8, find
P(A|B) and P(BJA)
Sol. Here P(A) = 0.5, P(B) = 0.6, P(AuB) = 0.8

Now P(AUB) = P(A) + P(B) - P(ANB)

—  0.8=05+0.6- P(ANB)

= P(ANB) = 0.5+ 0.6 - 0.8

=0-3

P(ANB) _03_1 _

PAB) = —5m "6 2

0.5
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—P(An B) = %: § =
P(A) 05 5

Example 2: A die is thrown twice and the sum of the numbers appearing is observed to be 6.
What is the conditional probability that the number 4 has appeared at least once?

P(B|A) = 0.6

Sol: Let the events be
E : number 4 appears at past once
F : the sum of the numbers appearing is 6
The elementary event favorable the occurrence of E are
(4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (1,4), (2,4), (3,4), (5,4), (6,4)
The elementary events favourable to the occurrence of F are
(1,5), (2,4), (3,3), (4,2), (5,1)
The elementary events favourable to the occurrence of both E and F are
(2,4), (4,2)
11 5 2
P(E) = 3%’ P(F) = 3%’ P(ENF) = %
P(ENF) _ 2
P(F) 5

Example 3: In a hostel, 60% of the students read Hindi newspaper, 40% read English
newspaper and 20% read both Hindi and English newspaper. A students at random.

@) find the probability that he reads neither Hindi nor English newspaper.

Required probability =

(b) If he reads Hindi newspaper, find the probability that he reads English
newspaper.

(© If he reads English newspaper, find the probability that he reads Hindi
newspaper.

Sol. Let A and B be two events such that
A : student reads Hindi newspaper
B : a student reads English newspaper

100 5 100 5
100 5

(a) P (a student reads neither Hindi nor English newspaper) = P(A° and B®)
=P[(AUB)° | =1- P(AUB)
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=1-[P(A) +P(B) - P(ANB)]

[3 2 1
=1-|24+2-2
5 5 5

(b) P[he reads, English newspaper when it is given that he reads Hindi newspaper]

P(BNA) _ P(ANB) _ %

SO T T TRy 3,
-1
3

(© P(he reads Hindi newspaper when it is given that he reads English newspaper)

=p(aR) = TWANB) 1

Example 4: If P(A) = p, P(B) = 2, then show that P(A[B) > p+§_1
Sol. Let S be the sample space we note that
P(AUB) = P(A) +(B) - P(ANB)

= P(AUB) = p + q - P(AUB)

= p+q-P(AUB)=P(AUB) ... (1)

Now P(AuB) < 1

= - P(AuB) > -1

Nowp +q-p(AuB)>p+q-1

= P(ANB)>p+q-1 [ of (1)]

We know that

P(A|B) = —P(Aﬂ B)
P(B)
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P+q-1

P(AIB) > [~ of (2)]

Hence the result
Self Check Exercise-1

Q.1 If Aand B are two events such that P(A) = 0.3, P(B) = 0.5 and P(A|B) = 0.4,
find P(ANB) and P(B|A)

Q.2 Adieis thrown three times. Events A and B are defined as below:-
A : 4 on the third throw
B : 6 on the first and 5 on the second throw.
Find the probability of A given that B has already occwared.

Q.3  Find the probability of drawing a king, when a card is drawn from a well shuffled
pack of cards. It is also given that the card drawn is a face card.

3.4 Multiplication Theorem of Probability
For two events A and B in a sample space S,
P(ANB)=P(A).P(B|A),P(A) >0
and P(ANB)=P(B).P(A|B),P(B) > O}
Where P(A) = probability of occurrence of A
P(B|A) = conditional probability of occurrence of B given A
P(A|B) = conditional probability of occurrence of A given B.

The statement (1) is called the Multiplication theorem of probability. This can also be
stated as "the probability of simultaneous occurrence of two events A and B is equal to the
product of the probability of the other, given that the first one has occurred."

Proof: With usual notations, we have

pa)= A pgy= B pang) = NANB)
n(S) n(s)’ n(S)
Also  P(BIA) = number of elementscommontoA and B
B number of elementsin A
n(A)
R.H.S.of (1) is
P(A).P(BIA) = n(A) n(ANB) _ n(ANB)

n(S) n(A) n(S)
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= P(ANB)
Similarly P(B).P(A|B) = P(ANB)
Hence the result.
For n events A,A,,...... JAn, the multiplication theorem of probability can be stated as:

For n events AyA,,....... An we have P(ANAN...... NA) = P(A) P(AJA)
P(As|AINAY)......... P(AJAINAN....... NALLD) . (2)

Where P(AJANAN....... NA) represents the conditional probability of the event Ai given
that the events A;, A,...... A have already occurred.

3.5 Independent Events

Definition: Two or more event are said to be independent if the happening or non-
happening of any one of them, does not in any way, affect the happening of others. In terms of
probability, we can say that, an event A is said to be independent cor statistically independent)
of another event B, if the conditional probability of A given B, i.e. P(A|B) is equal to the
unconditional probability of A i.e. if

P(AIB) = P(A)
and similarly, B is said to be independent of A, if
P(B|A) = P(B)

Multiplication Theorem of Probability for Independent Events
If A and B are two events with positive probabilities, then A and B are independent iff
P(ANB) = P(A) P(B)

Proof: We have, by def.

P(ANB) = P(A) P(B|A) =P(B) P(AIB) ... (1)

where P(A) >0, P(B) >0

If A and B are independent, then

P(A|B) =P(A) and P(BIA)=P(B) ... 2
From (1) and (2), we get
P (ANB) = P(A) P(B)

Hence the result

Conversely, if

P(ANB) = P(B) P(B)

P(ANB) _ _
then =S5 PW=PAB=PE) ... 3
and oy SPE®=PEA=PE) @)
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(3) and (4) = A and B are independent events.

Hence proved.
For n events, it is stated as: n events A, A,...... A, are independent if and only if
P(A1NAN....... NA,) = P(A) P(AY)......... P(A,)

3.6 Pairwise And Mutually Independent Events

The n events A, A,,....... A, defined on a sample space S with P(A) >0;i=1,2,.....,n are
said to be pairwise independent if every pair of two events is independent i.e.

P(ANA) = P(A) P(A); i #j=1.2,....,n.

The n events A, A,,....... A, defined on a sample space S with P(A) =0,i=1,2,....,n are
said to be mutually independent if the probability of the simultaneous occurrence of (any) finite
number of these is equal to the product of their separate probabilities i.e.

P(AN AN .. N A)=P(A)P(A ) P(A )i K=23n

Remarks:- 1. The total number of pairwise conditions for mutual indolence of A1,A2,.....,An is
2"-1-n.

2. Mutual independence of events implies that they are pairwise independent, but
not conversely.

Let us do some examples:-

Example 5:- Assuming the probability of a male birth as % , find the chances that a family of 3

children will have
0] atleast one girl, (i) two boys and one girl and
(iii) atmost two girls.

Sol: Here itis given that probability of male birth = %

probability of female birth = %

0] P (at least one girl) = 1 - P (no girl birth)
=1 - p (3 male births)
=1- P(BBB)

11

R
2 2

I
H

1
ik N
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8
(i) P (two boys and one girl) = P(BBG) + P(BGB) + P(GBB)
1 1 1
==+ =+ =
8 8 8
-3
8
(iii) P (at most two girls) = 1 - P(all three girls)
=1-P(GGG)
=1- l
8
_ !
8

Example 6: The odds in favour of one student passing a test are 3 : 7. The odds against
another student passing it are 3 : 5. What is the probability that both pass the test?

Sol: Let E, F denote the two events of passing the test by two students.

pE=-3 =3 pr= 5 -5

3+7 10 3+5 8
Required probability = P(E and F)
= P(E) P(F)

-3,5_3

10 8 16

Example 7: A problem in statistics is given to three students A, B and C whose chances of
o 1 3 1 : . - .
solving it are —, 2 and 2 respectively. What is the probability that the problem will be solved

if all of them try independently.

Sol: Let A, B, C denote the events that the problem is solved by the students A, B, C
respectively, then

P(A) = % P(B) = % and P(C) = %

The problem will be solved if at least one of them solves the problem. Thus the required
probability is

P(AuBUC) =1-P(AUBUC)
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=1-PANBNC)
Since A, B and C are independent events

A, B, C are also independent

P(AUBUC) = 1 - P(A) P(B) P(C)

eI

=1- —
32

_ 2
32’
Which is the required probability.

Example 8: A and B throw a coin alternatively till one of them gets a head and wins the game. If
A starts the game, find their respective probabilities of winning.

Sol: Let P(A), P(A) be probabilities of A's getting the head and not getting the head respectively,
then

P(A)=%:>P(K)=1-P(A)=1-%=l

Similarly P(B) = 1 and P(B) = 1

2 2
Let A start the game. He can win in the first throw, 3rd throw, 5th throw and so on.
Probability of A's winning in first throw = P(A) = %

Probability of A's winning in 3rd throw = P(A) P(B) P(A)

1 1 1 (1Y
= — X — X —=|—=
2 2 2 12

Probability of A's winning in 5th throw
= P(A) P(B) P(A) P(B) P(A)
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Since all these cases are mutually exclusive

Probability of A's winning the game first is

1 (1) (1)
— 4+ | — + | — F o, 00
2 2 2

1]
y
0]
[
QD

Since either A or B wins

Probability of B's winning the game first

—1_2/
=1- %=1
Self-Check Exercise - 2

Q.1 A fair die is tossed twice. Find the probability of getting 4,5 or 6 on the first toss
and 1,2,3, or 4 on the second toss.

Q.2 A town has two doctors A and B operating independently. If the probability that
doctor A is available is 0.9 and that for doctor B is 0.8, what is the probability that
at least one doctor is available when needed?

3.7 Law of Total Probability

Statement: If an event A must result in one of the mutually exclusive events E;,E,,....,E,, then
P(A) = P(E,) P(A|E,) + P(E) P(AIEL) +........... + P(E,) P(AIE.)

Proof: If an event A must result in one of the mutually exclusive events E;, E,,...... , En, then

A= AN (EVEU....... UE,)

ie. A= (ANEy) UANEU.......U (ANE,)

Since E; and Ej, i # j are mutually exclusive
AN Eiand AN Ej,i=]jare also mutually exclusive

By axiom 3 of probability, we have
P(A) = P[(ANE;)U(ANEy)U....... U(ANE,)]
P(ANE,) + P(ANEy)+........ + P(ANE,)
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= P(A) = P(Ey) P(AIE.) + P(E2) P(AIEL) +......... + P(E.,) P(AIE,)
or  P()= Y P(E)P(AIE)

Hence the result.
3.7 Baye's Theorem

Statement:- If Eq, E,,...... , En are mutually disjoint events with P(E;)) = 0, (i = 1, 2,....,n), then for

any arbitrary event A which is a subset of Z (E;) such that P(A) > 0, we have
i=1

o = PEPAIE) . PE)P(AIE)
P S pE)PAIE)

Wherei=1, 2,....., n.
Proof: We are given that

Ac LnJEi
i-1

We have using distributive law
n n
A=AN (U Eijz U(ANE)
i=1 i=1
Since (ANE) cE, (i=1, 2,......, n)
and E;'s being mutually exclusive
A N E's are also mutually exclusive.

Using axiom 3 of the definition of probability
P(A) =P J(ANE)
i=1

- P[(Aﬂ E)+P(ANE)U....U(AN En)]

= P(A) = P(ANE,) + P(ANEy)+......+ P(ANE,)
and using multiplication theorem of probability, we get
P(A) = P(E1)P(A|E1)+P(E2)P(A|EL)+....... +P(E.).P(AIE.)

= PW=YPEPAIE) .. )
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Also, we have

P(ANE;) = P(A) P(Ei|A) = P(E) P(AIE) (By def.)
ay = P(ANE)
= P(Ei|A) Py T (2)
Now, on using equation (1) in (2), we get
P(AMNE
P(EIA) = — (ADE) 3)

ZP(Ei)P(AI E)

P(E)P(AIE)

= P(Ei|A) =

n

ZP(Ei)P(AI E)

Hence the result.

Note: The probability of the occurrence of another event c,

P(C|ANE,), P(CJANE,),.......... P(C|ANE,) is given by
2 P(E)P(AIE)PCCIENA)
P(CIA) = H——
> P(E)P(A|E)
i=1
Remarks:-
1. The probabilities P(E;), P(Ey),........ P(E,) are term as the 'a prior probabilities'
because they are known before the happening of the experiment itself.
2. The probabilities P(AIE), i = 1,2,...... ,n are called 'Likelihoods' because they

indicate how likely the event A under consideration is to occur, given each and
every a priori probability.

3. The probabilities P(Ej|A), i = 1, 2,....., n are called 'Posterior probabilities' because
they are determined offer the result of the experiment are known.

Let us now do some examples to have better idea of the concept:-

Example 9:- An win contains 10 white and 3 black balls, while another urn contains 3 white and
5 black balls. Two balls are drawn from the first urn and put into the second urn and them a ball
is drawn from the latter. What is the probability that it is white ball?

Sol:
White Black

urn | 10 3
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urn Il 3 5

Let E;, E,, E5 denote the events that two balls drawn from urn | are both white, one white
and one black, both black.

10x9

P(E)_lo_cz_ 1X2_15
Y713 T 13x127 26

1 13x12 13
1x2
3
P(Ey) = o = 3x12 1

13, 13x12 26

Alter 2 balls have been drawn from urn I, urn Il. will have
0] 5 white, 5 black balls or (ii) 4 white, 6 black balls or (iii) 3 white, 7 black balls.
Let E denote the event that a white ball is drawn from urn Il.
5 1 4 2 3
P(EIE)) = —= =, P(E|E,) = — = =, P(E|E3) = —
(EIE1) 0 2 (EIE2) 0.5 (E|Es) 10
Now P(E) = P(E1) P(E|E1) + P(E2) P(EIE2) + P(Es). P(E|Es)

5 1 5 2 1 3
+

= — X —+ — X =+ — x —
26 2 13 5 26 10
_ 75+40+3 _ 118 _ 59
260 260 130

Example 10: Suppose that 5% of men and 0.25% of women have grey hair. A grey haired
person is selected at random. What is the probability of this person being male? Assume that
there are equal number of males and females.

Sol: Let E4, E,, E be the events as
E; : 'Selected person is a male'
E, : 'Selected person is a female'

E; : 'Selected person is grey haired’
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PE)=PED =

5 1 0.25 1
and P(E|E,) = ﬁ: E  P(EIE2) = ﬁ = m
Required probability = P(E,|E) = P(E)P(AIE)
P(E)P(E|E)+P(E,)P(E|E,)
1 1
R N
i, 1.1 1 %OJFL 20+1
2 20 2 400 400 400

}éo }éo 400

400
Example 11: The contents of urns I, Il and Il are as follow:
1 white, 2 black and 3 ked balls,
2 white, 1 black and 1 red ball, and
3 white, 5 black and 3 red balls.

One urn is chosen at random and two balls drawn from it. They happen to be white and
red. What is the probability that they come from urns I, Il or Ill.

Sol: Let Ey, E; and E; denote the events that one urns I, 1l and Il are chosen, respectively Let A
be the event that the two balls taken from the selected urn are white and red.

Then P(El) = P(Ez) = P(Eg) = %
1x3 1 2x1 1
P(AIE)) = —= =, P(A|E,) = — = =
(AIEy) 6, 5 (AIEy) 2 3
nd P(A|Es) 4x3 _ 2
al = — = —
s 12, 11
3
Also  P(A)= ) P(E)P(A|E)
1 1 1 1 1 2
==X =4+ =X =4+ = X —
3 5 3 3 3 1
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1 1 2 33+55+30 188
+ + = =

15 9 33 4% 495
Required probabilities are
1><1
P(E)P(A 35 33
P(E4|A) = (El)P(,(A)lEl) - 138 5 _ =
495
1><1
P(E,)P(A|E 373 55
%105
1>< 2
P(E,)P(A 3711 30
P(ESJA) = (Ea)P((A)IEs) _ 1?8 11 _ s
%105

Example 12: A company has two plants to manufacture scooters. Plant | manufactures 70% of
scooters and plant Il manufactures 30%. At plant I, 80% of the scooters are rated as of standard
guality and at plant Il, 90% of the scooters are rated as of standard quality. A scooter is chosen
at random and is found to be of standard quality. What is the probability that it has come from.

(1) Plant | (i) Plant Il ?
Sol: Let Ej, E, be the events that the scooter is produced by plants I, Il respectively.
70 30
P(E1) = —, P(E)) = —
(Ev) 100 (E2) 100
Let E be the event of scoter being of standard quality.
80 90
P(EIE)) = —, P(E|E2) = —
(EIEy) 100 (EIE2) 100
: P P(E
O PEE - (EJP(EIE)
P(E)P(E|E)+P(E)P(E|E,)
70 80
_ 100" 100 _ 5600

70 80 30 90 5600+ 2700
100 100 100 100

5600 _ 56
8300 ~ 83
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(ii)

P(E,)P(E|E,)

P(&I8) = B E)P(E|E) + P(E,)P(EIE,)
. %0
) 100100 _ 2700

70 80 30 90 5600+ 2700
100 100 100 100

2700 _ 27
8300 83

Self-Check Exercise-3

Q.1

Q.2

A bag A contains 3 white and 4 black balls. Another bag B contains 5 white and 7
black balls. A ball is transferred from the bag A to the bag B and one ball is
drawn from the second bag B. Find the probability that it will be white.

Suppose a girl throws a die. If she gets a 5 or 6, she tosses a coin three times
and notes the number of heads. If she gets 1,2,3 or 4, she tosses a coin once
and notes whether a head or tail is obtained. If she obtained exactly one head,
what is the probability that she threw 1,2,3 or 4 with the die?

3.9 Summary

We conclude this unit by summarizing what we have covered in it:-

© N o g s~ w DN

9.

Defined and discussed in detail the conditional probability.

Did some examples related to conditional probability to clarify the concept.
Proved multiplication theorem of probability.

Defined independents events.

Proved multiplication theorem of probability for independent events.
Defined and discussed pairwise and mutually independent events.
Performed some examples to clarify the concept.

Proved the theorem on Law of total probability.

Proved Baye's theorem and did some examples by using this theorem.

3.10 Glossary:

1.

Let A and B be two events and s be the sample space. Then P(B/A) g denoted
the probability of B given that A has occurred, called the conditional probability of
P(ANB)

P(A)
For two events A and B in a sample space 3,
P(ANB) = P(A) . P(B/A), P(A)>0

B given A and it is given by P(B/A) =

a7



and P(ANB) = P(B) . (PA/B), P(B) >0
and it is called the multiplication theorem of probability.

3. Two or more events are said to be independent if the happening or non-
happening of any one of them, does not in any way, asset the happening of
others.

3.11 Answer to Self Check Exercise
Self Check Exercise-1
Ans.1 P(ANB)=0.2

and P(B/A) = E
3
1
Ans. 2 P (A/B) = 5

Ans. 3 1
4
Self Check Exercise-2
Ans.1 Required probability = %

Ans. 2 P (at least one doctor is available) = 0.98
Self Check Exercise-3

Ans.1 = %
91

Ans. 2 = E
11

3.12 References/Suggested Readings

1. Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

2. Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

3.13 Terminal Questions
1. If P(A) = 0.4, P(B) = 0.8, P(B/A) = 0.6,
Find P(A/B) and P(AuUB)
2. A bag contain 10 gold and 8 silver coins. Two successive drawing of 4 coins are

made such that
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0] coins are replaced before the second tralil
(i) the coins are not replaced before the second trial.

Find the probability that the first drawing will give 4 gold and the second 4 silver
coins.

A purse contains 2 silver and 4 copper coins. A second purse contains 4 silver
and 3 copper coins. If a coin is pulled one at random from one of the two purses,
what is the probability that it is silver coin?

The probability of hitting a target by three marksmen are 1 l and 1

3
respectively. Find the probability that one and only one of them will hit the target
when they fire simultaneously.

An urn contains a white chips and b blue chips. A chip is chosen at random from
the urn, discarded and replaced by one of opposite colour and then a second
chip is drawn. Find the probability that second chip drawn is blue.

The probabilities of x, y and z becoming managers are g é and%
respectively. The probabilities that the bonus scheme will be introduced if x, y

3 1 4 ,
and z becomes managers are —, — and s respectively.

(1) What is the probability that bonus scheme will be introduced, and

(i) If the bonus scheme has been introduced, what is the probability that the
manager appointed was x?
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Unit - 4
Probability Distribution of A Discrete Random Variable

Structure

4.1 Introduction

4.2 Learning Objectives

4.3 Random Variable- Definition

4.4 Discrete Random Variable and its Probability Distribution

4.5 Distribution Function

4.6 Properties of Distribution Function
Self Check Exercise

4.7 Summary

4.8 Glossary

4.9 Answers to Self Check Exercises

4.10 Reference/Suggested Readings

4,11 Terminal Questions

4.1 Introduction

A Random variable is a numerical quantity that is one result of a random experiment or
process. It is a variable that can take on different values with certain probabilities. A discrete
random variable is a variable that can only take n a countable number of distinct values. The
probability distribution of a random variable describes the likelihood of the variable taking on
different values. For discrete random variables, the probability distribution is typically given as a
probability mass function, which assigns a probability to each possible value. The expected
value (or mean) of a random variable is the average or central tendency of the distribution and
the variance of a random variable is a measure of the spread or dispersion of the distribution
around the expected value.

4.2 Learning Objectives
After studying this unit, you should be able to:

o Define and discuss random variable.

o Define independent random variable.

o Define and discuss discrete random variable.

o Discuss probability distribution of discrete random variable.

. Define distributive function and able to discuss properties of distributive function.
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. Do examples to have better idea if the concept.
4.3 Random Variable - Definition

By a random variable (r.v) we means a real number x associated with the outcomes of a
random experiment. If can take any one of the various possible values each with definite
probability. For example in tossing of a coin if x denotes the number of heads, then x is a
random variable which can take any one of the two values ; 0 (No head i.e. tail) or 1 (i.e. head),

: I | . . .
each with equal probability 3 Now consider a random experiment of three tosses of a coin (or
three coins tossed simultaneously).

Then S = {HHH, HTH, THH, TTH, HHT, HTT, THT, TTT}

Let us consider the variable x, which is the number of heads obtained. The, X is a
random variable which can take any one of the values 0, 1, 2, 3.

Sample point or | HHH |HTH | THH | TTH |HHT |HTT [ THT |TTT
outcome :

Values of X : 3 2 2 1 2 1 1 0

If the sample point in the above order be denoted by wy, ws, ...... , Wg, then to each

outcome w of the random experiment, we can assign a real number x = x (w). For example
X(wy) = 3, x(W2) = 2, X(Ws3) = 2, X(Ws) = 1, x(Ws) = 2, Xx(we) = 1, x(w7) = 1, x(wg) = 0. Therefore,
Random variable may be defined as a real valued function on the sample space, taking values
on the real time R (-, «). In other words, random variable is a function which takes real values
which are determined by the outcomes of the random experiment.

Def. A function X : S — R is called a random variable, where S is the sample space of any
random experiment.

Or

Random variable is a real values function defined on a sample space whose range is
non-empty set of real numbers.

A variable whose value is a number determined by the outcome of an experiment is
called random variable.

If x € R, then the set of all w € s such that X(w) = x is denoted by writing X = x.
S PX=x) =P {w: X(w) =x}
similarly, P(X < a) = P{w:X(w) e (-, a]}
and P(A <X <b)=P{w: X(w) € (a, b]}.
Independent Random Variable
A random variable that does not have an effect on the other random variable in an

experiment is called independent random variable.
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4.4 Discrete Random Variable And Its Probability Distribution
Discrete Random Variable

If the random variable X assumes only a finite or at the most countable number of
values, then it is known as discrete random variable. In other words, a real valued function
described on a discrete sample space is called a discrete random variable. For example, marks
obtained by students in a test, the number of students in a college, the number of accidents
taking place on a busy road, etc. are all discrete random variables.

Probability Distribution

Consider a discrete random variable X which can take the possible values x;,X,,.....,Xn
and with each value of the variable X, associate a number.

pi = P(X = X) ;i=12,...,n which is known as the probability of X; and satisfies the
following conditions:

() p=PX=X)>0,(i=1.2,...,n)
i.e. pi's are all non-negative and
(i)  {pi=pitprte.tpn=

ie. the total probability is one.

Again, let X be a discrete random variable and p(x) = P(X = x) such that p(x) > 0 and
{p(x) =1, summation being taken over various values of the variable.

The function pi = P(X = Xj) or p(x) is called the probability function or probability mass
function (p.m.s.) of the random variable X and the set of del possible ordered pairs {x, p(x)} is
called the probability distribution of the random variable X.

Def. If a random variable X takes values Xy, X,,....., X, With respective probabilistic ps, pa,....., Pns
then the tabular description.

X: X1 Xo e Xn

P(X): P1 P Pn

is called probability distribution of the random variable X.
4.5 Distribution Function

Let the random variable X takes the values x;, X,....... , X, with respective probabilities
P1,P2;....,Pn @Nd let X; < X, <....... <Xn. The distributive function F(x) is defined as

F(x) = P[X < X]
where PX<x]=p1+p2+ ... + pi

Another definition: If X is a discrete random variable then the function defined for all real x, is
given by

FO) =PX<x]= D f(w)
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is called distribution function.
Notel. Distributive function is abbreviated as d.f.
2. Distribution function is also sometimes called cumulative distribution function.

If X is a discrete r.v. with probability function p(x), them the distribution function, usually
denoted by F(X) is defined as F(x) = P(X < X)

If X takes integral values i.e. 1,2,3,......... X, then
FX)=P(X=1)+P(X=2) +......... +P(X=X)
or F(X) = p(1) + p(2) + p(3) +.......... +p(4)
4.6 Properties of Distributive Function
Property | : The distribution function F(x) is non-decreasing [i.e. F(x;) < F(X,) if X; < X,].
Proof: Let X1 < Xo
Then {X:X <X} ={X:x<x}U{X:X; <X<Xxp}and therefore
P(X <x2) = P(X < X;1) + P(Xy < X < Xp)
ie. F(X2) = F(Xy) + P(Xy < X £ Xp)
= F(x)-F(x) = P(e <X <X) >0
= F(x) > F(x)
Thus F(X) is a non-decreasing function of x.
Property Il : If F is the distribution function of a random variable X and if a < b, then
P@a<X<b)=F(@b)-F(a)
Proof: The events a < X < b and X < a are disjoint and their union is the event X < b.
Hence by addition theorem of probability.
P@<X<h)+P(X<a)=P(X<h)
= Pl@<X<b)=P(X<b)-P(X<a)
= F(b) - F(a)
Hence the result
Property lll: 0<F(x) <1
Proof: We have, F(x) = P(X < x}
Since probability of any event lies between 0 and 1.
O<F(x)<1
Property IV: If F is the distribution function of the random variable X and if a < b, then
Pla<X<b)=P(X=a)+[F(b) - F(a)]
Proof: We have
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P@a<X<bh)=P{X=a)ula<X<b)}
=P(X=a)+P(a<X<h)
and using property II, we get
Pla@a<X<b)=P(X=a)+[F(b) - F(a)]
Property V: For the distribution function F of a random variable X,

(i) LimF() =0

X—>—w0

@M  LimFm=1

X—00

Proof: The whole sample space S can be expressed as a countable union of disjoint events as
follows:

S= {0(—n< X s-n+1)}u{0(n< X< n+1)}

n=1 n=0

=  P(S)= ). P(-n<X<-n+l+ > P(h<X<n+l

n=1 n=0

0

=N 1= Lim 2AFx+D)-F=X}+ Lim 2 {F(x+D-F(x)}

a—w n=1 b—w n=0

= |_| MI{F() - F(-a)} + L| Mm{F( + 1) - F(0)}

a—o b—oo
= {F(0) - F(-0)} + {F(=0) - F(0)}
Z1=F@)-F(o) 1)
Since - <0, F(-0) < F(x)
Also  F(-0) >0and F(x) <1
0<F(w)>Fxo)<1 ... (2)
From (1) and (2), we get
F(-0) =0 and F(x) = 1
Hence the result.
Let us now do examples to have better idea of the concept:-

Example 1: Check whether the following can define probability mass function and explain your
answer.

5-x°

fx) = ;x=0,1,2,3.
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_x2

Sol:  Here f(X)= > ;x=0,1,2,3.

For f(x) to be a probability mass function, we have

23: f(xX)=1and f(x) >0

Now Y f(X)=£(0) + f(1) + f(2) + f(3)
5—0+5—1+5—4 N 5-9
6 6 6 6

5 4 1 4
="+ -+ = .=
6 6 6 6
:§+1:1
6 6
3
Y f(x=1
x=0
. 5-9 4 2
Again f(3)= = ~=-2 =-£ <0
gain £(3) 5 53

f(x)<O0forx=3
Given function is not a probability moss function.
Example 2: Given that f(x) = §IS a probability function for a random variable which can take

on the values x = 0,1,2,3 and 4, Find k.
Sol. Here f(x) = % x=0,1,2,3,4

Since f(x) is probability function
fX)>0vx=k>0

4
and z f(x)=1
x=0

=S fO)+ /(D) +fR)+ [3) + f(@) =1
k k k Kk k

Prat Tt
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k k k Kk
+

= kt —+ —+ —+ — =1
2 4 8 16
16k+8k+4k+2k+k B
[16+8+4+2+1}
j—
or (j
= k=
31

Example 3: Find the constant ¢ so that f(x) satisfies the condition of being a p.f. of the random
variable X:

Sol. Here f(x)={c[§j;x:12,3, ........ 0; elsewhere

Since f(x) is p.f.

Z f(x)=1
f@)+ f(2) + f(3) +........ =1

o o o s
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Example 4: The probability mass function of a random variable X is given by

X

_CX
f(X) - |l(

Where X is some positive number.

Find ()P(X=0) (i) P(X>2)

, X=0,1,2,..........

Sol. Now > (=1
x=0

= iCXX_l

x=0 |l( -
= (o — =1
x=0 |l(
= cet =1 { e = Zi}
x=0 |_|
= c=e
( ) —lﬂlx
X) =
= f |l(

e’ e'_
o @©
(i) PX>2)=1-P(X<2)
=1-P(X=0)-P(X=1)-P(x=2)

()  P(X=0)=/(0)=

e’ e*1 e’*i?

10 1 2
_l-e') e'a ea’
1 1 1x2
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Qe

=1-e"-reh-
1x2
Example 5: A random variable X has the following probability functions:-
X: 0 1 2 3 4 5 6 7 8
p(Xx): | A 3L 5L A o 110 130 15 17n

0] Find the value of A
(i) Evaluate P(X > 6), P(3< X <5)
(iii) Calculate the minimum value of A, such that P(X < 3) > 0.5.

Sol. (i) Since p(x) is a probability function

8
> p(0=1
x=0
= A+3AL+5A+7A+90+11IA+ 130+ 150+ 170 =1
8ir=1 = k=i
81

(i)  P(X>6)=P(X=6)+P(X=7)+P(X=8)
= 13) + 151 + 174

_45x_£ _S
81 9
P(3 < X < 5) = P(X = 4)
:9}\‘:2 :l
81 9

(i) P(X<3)=P(X=0)+P(X=1)+P(X=2)+P(X=3)
=+ 3k + 5L+ 7L = 161

1
Now P(X<3)>05= 16\ > 2
or > —

32

Minimum Value of A is i
32
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Example 6: In a single throw of two dice, find the probability function and the distribution
function of the random variable X, where X denotes the total obtained with the pair of dice. Draw
the graph of the distribution function and name it.

Sol. In a single throw of two dice, the possible values of the random variable X are 2,3,4,

and the corresponding probabilities are i 3 i ....... , i
36 36 36 36
These results are shown in the table:
X=x 2 3 4 5 6 7 8 9 10 11 |12

Px=x]=£(x) 1 2 3 4 5 6 5 4 3 2 1

36 |36 |3 |36 |36 |36 |36 |3 |36 |36 |36

FO=P(X) | 1 |3 | 6 [10 [15 |21 |26 (30|33 |35 |36
36 |36 |36 (36 [36 |36 |36 (36|36 36|36

The above table can also be written in the following form:
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0 for x<2
1 for 2<x<3
36

5 for 4<x<5
36
10
36
15
36
21
36
26
36
30
36
33
36
35
36
36
36
The graph of the distribution function is shown in the figure:

Y1

for 5<x<6

for 6<x<7

for 7<x<8

for 8<x<9

for 9<x<10

for 10< x<11

for 11<x<12

for 12< x

£ » <
- f—7
4 e

&3 -~ r————. —
| & e -

? = - % G ’ P ol fo \ 2

Distributive function is a step function
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Example 7: A random Variable X has the following probability function:

X: -2 -1 0 1 2
f(x): 0-1 kK 0.2 2k 0.3
0] Find k

(i) Evaluate P(X < 2), P(X>2), P(-2< X < 2)
(iii) Determine the distribution function F(x) of X.

Sol. (i) Since f(x) is a probability function

3
Zf(x):l
X=—2
= 01+k+02+2k+0.3+3k=1
= 06+6k=1
= 6k=1-0.6
= 6k=0.4
SO
6 60
= k:i
15

(i) PX<2)=PX=-2)+P(x=-1)+Px=0)+P(x=1)
=0.1+k+0.2+2k
=0.3+3k
3,3 _3+2_5 1

10 15 10 10 2

(iii) PX>2)=P(x=2)+P(x=3)

=0.3+3k

3 3_3 1
= —+ —= — + —

10 15 10 5
_3+2 _5 _1

10 10 2

P-2<X<2)=P(x=-1)+P(x=0) + P(x =1)

=k +0.2 +2k
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- 3k+ 2

10
-3,2_1,1_2
15 10 5 5 5
(iii) The distribution function F(x) is shown in the table given below:

X -2 -1 0 1 2 3
®o|3 2 6 4 9 5
30 30 30 30 30 30
Fo | 3 | 5 u 15 24 |30
30 30 30 30 30 30

Example 8: A bag contains two one rupee coins and 3 twenty paise coins. A person draws two
coins. Find probability mass function of value of coins drawn.

Sol. Let X denote the value of the coin drawn X can take following value
X; =1+ 1 =2Rs. [When both one Rs. coins are drawn]

X =1+ % = g Rs. [When one Rs. and one twenty paise coin is drawn]
20 20 2
X3 = —+ —— = — Rs. [When both twenty paise coins are drawn
*“200 100 5 M P ]
2 x3
SPX=x)= 2—2= 1
5 10
c,
2 x3
PX=x) = —=——== o
3, 10
2 x3
P(X=x3) = —2—2= 3
5, 10
.. Probability mass function of X is given by
X X1 = 2 6 2
Xp = — X3= —
"5 "5
P(X:X):f(X) P(X:Z) = i P(X:E) = E P(ng) = i
10 5 10 5 10




Example 9: From a lot of 12 items, having 4 defective items, 5 are drawn at random without
replacement. If X denote the number of defectives in the sample:

0] Write the probability distribution of X
(ii) Find P(1 < X < 3)
Sol. (i) 5 items can be drawn from a lot of 12 items in 12_ways. If x denote the number of

defective items, then x defectives can be chosen out of 4 defectives and from the remaining 8
items, 5 - x non-defective items can be chosen in 4. x 8. ways.

Hence the probability function is

4 %8
p(x) = —=—=*,x=0,1,2,3,4
12

Cs
. 4 x8
(ii) P(L<X<3)=P(X=2)= 2=

12,
4x3 8x7x6
X

- _1x2 1x2x3 :E
12x11x10x9%x8 33

1x2x3x4x5
Self-Check Exercise

Q.1 A bag contains two one rupee coins and 3 twenty five paise coins. A person
draws two coins. Find probability mass function of value of coins drawn.

Q.2  Suppose that an urn contains a red and 4 blue balls. If 5 balls are selected at
random without replacement, determine the probability function of the number of
red balls that will be obtained.

Q.3  For the following, find constant — so that f(x) satisfies the condition of probability
mass function.

_ ex;x=0,1,2,34,5,6
109 = 0: elsawhere

Q.4  Find the probability distribution of the number of heads when three coins are
tossed simultaneously

4.7 Summary

We conclude this unit by summarizing what we have covered in it:-

1. Defined and discussed random variable. Also defined independent random
variable.
2. Defined and discussed discrete random variable.
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Discussed probability distribution of discrete random variable.

Defined distribution function. Discussed in detail the properties of distributive
function.

5. Did some examples related to each topic so that concept be clarified.
4.8 Glossary:

1. By a random variable (r.v.) we mean a real number X associated with the
outcomes of a random experiment It can take any one of the various possible
values each with definite probability.

2. If a random variable X assumes only a finite or at the most countable number of
values, then it is known as discrete random variable.

4.9 Answer to Self Check Exercise
Ans.1 Probability mass function of X is given by

X X1 = 2 X 5 o = 1
2 — 4 3~ 2
P(X:X) = f(X) P(X:Z) = i P(X:g) = E P(X:E) = i
10 5 10 5 10
Ans. 2 Probability function is given by
X 1 2 3 4 5
P(X) 9 144 504 504 126
1287 1287 1287 1287 1287
Ans.3c= i
21
Ans. 4 Probability distribution table is
X 0 1 2 3
P(X) 1 3 3 1
8 8 8 8
410 References/Suggested Readings
1. Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to

Mathematical Statistics, Pearson Education, Asia, 2007.

2. Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007.

64



3.

Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

4,11 Terminal Questions

1.

The bad eggs are mixed with 10 good ones. Three eggs are drawn at random
without replacement. Determine the probability function of number of bad eggs
that will be obtained.

Four balls are drawn from a bag containing 5 black, 6 white and 7 red balls. Let X
be number of white balls drawn. Find probability mass function or probability
distribution of X.

Check whether the following can define probability mass function and explain
your answer:

5-x°

f(x) = ,x=0,1,2,3

A fair die is rolled once. Find the probability function and the distribution function
of the number of points appearing on the top face.

Suppose that a box contain 7 red and 3 blue balls. If 5 balls are selected at
random with replacement, determine the probability function of the number of red
balls that will be obtained.
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Unit-5

Probability Distribution of A Continuous Random Variable

Structure

5.1 Introduction

5.2 Learning Objectives

5.3 Continuous Distribution

5.4 Continuous Distribution Function
Self-Check Exercise

55 Summary

5.6 Glossary

5.7 Answers to Self Check Exercises

5.8 Reference/Suggested Readings

5.9 Terminal Questions

5.1 Introduction

A continuous random variable is a variable that can take on any value within a specified

range or interval. Unlike discrete random variables, which can only take on specific, countable
values, continuous random variables can assume an infinite humber of possible values. The
probability distribution of a continuous random variable is described by a probability density
function (pds) denoted as f(x). The pdf represents the relative likelihood of the random variable
taking on a particular value within the specified range. The pdf f(x) is non-negative for all values
of the random variable x. The total area under the probability density function curve is equal to
1. The expected value (or mean) of a continuous random variable is the weighted average of all
possible values, where the weights are the probabilities associated with each value.
Understanding continuous probability distributions has a wide range of real world applications
across various fields like in Engineering and Physics; Quality control and Reliability engineering;
Biology and Ecology: Healthcare and Medicine etc.

5.2

Learning Objectives
After studying this unit, you should be able to:-

o Define continuous random variable
o Discuss probability density function of a continuous random variable
. Define continuous distribution function and discuss properties of continuous

distribution function.

o Do questions related to these concepts.
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53 Continuous Distribution

A random variable X is said to be continuous if it can take all possible values between
certain limits. In other words, a random variable is said to be continuous when its different
values cannot be put in 1-1 correspondence with a set of positive numbers.

Feod%
/

Probability Density Function
The probability density function f(x) of a continuous random variable X is defined as

. P(x< X<
9= Lim To= =X

ox—0

Where P(x < X < x + 0X)
Properties of Probability density function f(x)
(i) fx)>0

o0

(ii) j f (x)dx=1

b
(i) Pla<X<h)= j f (x)dx

(iv) For any event E,

P(E) = j f (x)dX is well defined.
E
54 Continuous Distribution Function
If X is a continuous random variable with the probability distribution function f(x), then
the function.
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F() =P(X<X)= [ f(t)dt,—o<t<o

—0

is called the distribution function or sometimes the Cumulative distribution function of the
random variable X.

Properties of Distribution Function:
The distribution function defined by equation (1) as above obeys the following properties:

1. O<F(X) <1 -o<Xx<ow
2. F(x) = iF(x) =fx)>0
dx

i.e. F(x) is a non-decreasing function of x.

3. F=)= LimF®™=Lim jf(t)dt

X—>—00 X—>—00 —0

=Tfmm=o

—00

and F(+o)= LimF® = lej f (t)dt

X—>+00 X—>+0  _op

- Tfaynzl

F(x) is a continuous function of x on the right
The discontinuities of F(x) are at the most countable

It may be noted that

P@<X<hb)= Tf(x)dx :Jtl f (x)dx- ja. f (X)dx

=P(X<b)-P(X<a)
=F(b)-F(a)
=F(b)-F @

and P@<X<b)=P(@a<X<h)=P@as<X<bhb)

=Tfmm

Let us now do some examples to have better idea of the concept:-
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Example 1: Test if following is a probability density function:

_ X,0<x<1
T =9 o0x 1< x< 2

Sol. If f(x) is a probability distribution function, it must satisfy
0] f(x) >0, which is true for all the given values of x.

0

iy [ f9dx=1

—0o0

Now T f (X)dx= ij(x)dx= :[xdx + jZde

—00

T o2
2 0 2 1

= 1—0}+(4-1)1+3:Z¢1
| 2 2 2

f(x) is not a probability distribution function

Example 2: Find the constant ¢ so that f(x) satisfies the conditions of being a p.d.f. of a random
variable X:

exe ¥, 0< X<
fxX) =
0,esewhere

Sol. We have

cxe ¥ ,0< X<
fxX) =
0,esewhere

0

Now I f(X)dx=1

—00

= Jq f(x)dx + Tf(x)dx: 1

—» 0

= Tcxe‘xdx=l
0
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|
TN
|

-
€ 0

= c[0o+1]=1
= c=1

Example 3: If the density function of a random variable X is given by

X,0<x<1
fxX)=42-x,1<x<a

0, elsewhere
Find (i) The value of a

(ii) The distribution function of x.
(iii) P (0.8 <X <0.6 a).

Sol. (i) Here
X,0<x<1
fxX)=42-x,1<x<a
0, elsewhere
[ f09dx=1

—00

= j[f(x)dx+jlf(x)dx+Tf(x)dx:1

0 1

70



= jxdx+i(2—x)dx+0=1
0 1

ro2 272
= X—} +{2X—X—} =1
_2 0 2 1

= % +2a-%2-g =1
or 2a—a—2 =2
2
or 4a-a’=4
= a’-49+4=0
= (a-2)7°=
= a=2
the p.d.f.
X,0<x<1
fX)=42-x,1<x< 2
0, elsewhere

(i)  Fo=PX<x)= [ f()dx

For x<0,F(xX)=0

X 0 X
For 0<x<1,F(x) = j f (x)dx = dex+jxdx
—0 0

sz 2 2
=0+ | — :0+X__O:X_
2 2 2

X 0 1 X
For 1sx<2,F(= [ f()dx= [ O0dx + [ xax + [ (2= x)dx
—0 0 1

—00
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For  x22,F(x)= [ f(x)dx

—00

= Tde+ jxdx + J%(Z—x)dx+ JX'de
0 1 2

—00

wfg] gl g
(e

= — +2 =1
2 2
0,x<0
2

X?,xsl

F(x) = )
2X——-1 x<£2
1,x>2

(i)  P(0.8<X<0.69)=P (0.8<X<12)

= l‘J.zf(x)dx = jxdx + T(Z—X)dx

0.8
) |:X_2j|1 . |:2X_X_2j|12
2 0.8 2 1
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:1‘054+¢{2a2y41a2f}_{2_1}}
2 2 2

=0.18+0.18
=0.36

Example 4: A random variable X has the following density function

—,if —oo< X<
fX)=91+x
0, otherwise

Determine k and the distribution function. Also find the probability that X? lies between

} and 1.
3

Sol. We have

, — X
100 = i 00 < X <00

0, otherwise

Now J f(x)dx=1

—00

0

1 L
= k£1+x2dx:1:k[tan X]_w:l
= k [té‘n_l 00— t’dn_l(—oo)] =1
/4 /4
= Kl == ——=||=1=>kr=1
3
= k:l
/4
Ammpm:ju@m
1
=k d
-|‘1+x2 X
FO) =k[tanix+c| . 1)
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Now F(-x) = 0 = k[ tan *oo+¢| =0

ll:_£+cj| =0
T T

= c=

=

T
2

from (1), we have

R T
F(x) = [tan x+2}

T

The probability distribution function is

1
X)= ————,-0< X<
1) 7 (x* +1)
Now, if E5x251
3
then X<l = IX] <1
= -1<X<1 . (2)
and Xzzl
3
= IXlzi
3
= Xzi or Xg-i ......
3 3
Combining (2) and (3), we have
3 3
— <X<1 or  -1<X<-—
3 3
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i
-) =L @ 3
) iy © A

Thus, the required probability is

P(%szle =P (§£Xslor —13Xs-£)

3

=P[£SXS1} +P[—1SXS—£J
3 3

1 ¢ dx 1_4% dx
“r -[ x2+1+; -[ X% +1
\EA -1
2 2
-2 fj = 2y,

(Z_Ej 6
Example 5: The probability density function of a random variable X is given by

C
—,0<x<4
f¥) = 74X

0, esawhere

Where c is a constant. Find ¢ and then compute
: 1 ;
@ Pl X< 2 (i) P(X>1)

Sol. Now f(x) is probability density function of X
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Also

(ii)

fx)>0 VX =c>0

jff(x)dx=1
0
'I%dx:l = cj:x_%dx:l
i
c|l—| =1
¥,
[
2c[2-0]=1 = 4c=1
=1
4

%

P(x<%J: _([4—\1/;dx=1 .([x%dx
:glx_%%

4 yz_o

1 1%
AR
Ao}

212 | 4
P(X>1) = j&% dx = %fx_%dx
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1 1
=Z@2-1)==
;@ =5

2X
—,0<x<3
Example 6: Let f(x) =< 9

0, elsewhere
Then find P(A;), P(Az) and P(AUA,),

Where A; ={x:0<x<1}and A, ={x:2<x<3}

§,0< X<3
Sol. Here fx)=419

0, dsewhere

Now P(A) = PO < x< 1) = [ f (x)dx = j:%dx

_Sj;xdx

21| 1., 1

=—|— | =— | X =—(1-0)= —

LI 1t SR

3 32X

P(A;) = P(2 < x < 3) =L f(X)dx = L?dx

2 2 X23 1 3

:—J.xdx:—— == [xz]

9 9 , 9 2

1 5

== (9-4)==

9( ) 9

AISOA10A2=<|):>P(A10A2)=O

Now P(A; U Ay) = P(A)) + P(A2) - P(AL N AY)

:l+§_o

9 9

1+5 _6 _2
9 9 3

Example 7 : A continuous random variable x has p.d.f. f(x) = 3x%, 0<x<1
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Find a and b such that

Sol. - (i) Here f(x) = 3x%,0<x<1

Now P(x<a)=P (x>a)

(ii)

or

0] P(x<a)=P (x>a), and

(i)  P(x>Db)=0.05

7 £ (9dx = [ f (xax

"3x2dx= [ 3x%dx= [ x2dx = [ x2dx
0 a 0 a

]

Again P(x >Db)=0.05

[} £ (x)ax =0.05

1
Ib 3x%dx =0.05
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Example 8 : The amount of bread (in hundreds of pounds) x that a certain bakery is able to sell
in a day in found to be a numerical valued random phenomenon, with a probability function
specified by the probability density function f(x), given by

Ax, for0<x<5
f(x) = 1 A(10—x), for 5<x<10
0, otherwise

() Find the value of A such that f(x) is p.d.f.

(ii) What is the probability that the number of pounds of bread that will be sold tomorrow is
@) more than 500 pounds,
(b) less than 500 pounds,
(© between 250 and 750 pounds?

Sol. : (i) Here
Ax, for 0<x<5
f(x) = 1 A(10-x), for 5<x<10
0, otherwise

Since f(x) is p.d.f

[*) 5 10 0

[ f0dx =1 f0ddx + [ F(dx+ [ f()dx =1

5 10
- LO f (X)dx + L f(X)dx =1

5 10
= J‘O Axdx + L A(10-x)dx =1

5 10

or A JO xdx + AL (10-x)dx =1

—X2 5 X2 10
= A ?j| +A|:10X—Ej| =1

0 5

= A é—o +A (100—@j—(50—§j =1
2 2 2

= al2]+a|100- 50,2 oy
2 2 2
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A (Ej + A (§] =1
2 2
1
=~  A@25)=1 A= —
25
(i) (@ P(x>500)= EOA(lo—x)dx

10

2
= A {10x—x—}
2 5

1 1100-1% 50 2
S 2

2
-1(3).
25\ 2

1
2
P(x > 500) = 0.5

(b)  P(x<500) = j Axdx = A{X—T
0 0

-3 [(54-5(3)
5|2 25( 2
P(X <500)=0.5
3 7.5
©)  P(250 <X < 750)= j f (X)dx+ j f (x)dx
5

25

N

=05

I\.)lH

5 75
= [ Axax + [ A10-x)dx
5

25

Ai xdx +AI(1O x)dx
25

2 75
[10x— X—}
2 5

1
25
1[25 625} [5_5625_(50_§}

"Bl 2 2 2

25| 2

1 _XZT
25
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:i(é_ezs (75_5625_(50_§J

25 2 2
_ 1 (25 625j (25_31 25]
25 2
_ 1 18.75j+ 1 (50-31.25
25\ 2 ) 25 2
_1(1875) 1 (1875
25\ 2 25\ 2
_ 1 (1875 1875) _1875
25\ 2 2

25
=0.75

Self-Check Exercise

5.5

Q.1  Find the value of = such that f(x) = ce™; 0 < x < o represents a probability
density function.
02 Letf() = cxe? x>0
' 0 ,esewhere
be the probability density function of a random variable X. Then find
0] Constant ¢ (i) the distribution F(x)
(iii) P(2<X<3) (iv) P(X>1)
Q.3 Let f(x) be the p.d.f. of a random variable X, find the distribution function F(x) of
Xif f(x) = % , 1 < x <o, zero elsewhere.
X
Q.4  Let X be the number of gallons of ice-cream that is required at a certain store on
a hot summer day.
12x(1000 - x)*
————,0< x<1000
Let  fx)={ 127 =T
0 ,elsawhere
be the probability density function if X. How many gallons of ice-cream should the
store have in hand each of these days so that the probability of exhausting its
supply on a particular day is 0.05
Summary

We conclude this unit by summarizing what we have covered in it:-
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5.6

57

Defined continuous random variable.
Discussed probability density function of continuous random variable.

Defined continuous distribution function and discussed in detail she properties of
continuous distribution function.

4. Performed some examples related to each topic so that each concept be clarified
further.
Glossary:
1. A random variable X is said to be continuous if it can take all possible values
between certain limits.
2. The probability density function f(x) of a continuous random variable X is defined
as
. (XX <x+0x
&= Lim
5x—0 OX
Where P(x < X < x + 0X) = f(x) dx
3. If X is a continuous random variable with the probability distribution function f(x),

then the function
X
F=PX<x) = [ F()dt, w0<t<o

is called the distribution function or sometimes the cumulative distribution
function of the random variable X.

Answers To Self-Check Exercise
Ans.lc=1
Ans.2 (i) c=4

(i) The distribution of function is

0, x<0
F(x) = <1-2xe> -e® ;0< X<
l; X>w»

(i) P(2<X<3)=5e"-76-6
(ivy P(X>1)=3e?

Ans.3 Distribution function
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5.8

59

0, x<1

F(x) =
) 1—%, 1<x
X

Ans.4 Required number of gallons of ice-cream = 751.395 nearly.
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Terminal Questions

1.

Is the function defined as follows a probability density function?
0, x<2

fxX) = %(3+2x),2§ X< 4
0 , elsewhere

Show that the function

CIx] -1<x<1
709 = 0 , dsewhere

is a possible probability distribution function. Also find its distribution function.
A continuous random variable X has the distribution function
0,if x<1
F(x) = <k(x-1D*, if 1<x<3
1, if x>3

The distribution function for a random variable X is
F00 = { 0, x<0
1-e¥, x>0
Find
0] the probability density function of X
(i) the probability that X > 2
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(iii) the probability that -3 < X <4

If f(x) = ¢ x?;0<x < 1is the probability density function of a continuous random
variable X. Find

: . 1 1
() constant ¢ (ii) P(é < X< EJ

(iii) Find 'a' such that P(X <a) =P(X > a)
(iv) Find 'b' such that P(X > b) = 0.05

A petrol pump is supplied with petrol once in a day. If its daily volume of sale (X)
is thousand liters is distributed as

f=5@1-x"0<x<1

What must be the capacity of its tank in order that the probability that its supply
will be exhausted in a given day shall be 0.01.
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Unit- 6
Expectation For Discrete And Continuous Random Variable

Structure
6.1 Introduction
6.2 Learning Objectives
6.3 Mathematical Expectation
Self-Check Exercise
6.4 Summary
6.5 Glossary
6.6  Answers to Self Check Exercises
6.7 Reference/Suggested Readings
6.8 Terminal Questions
6.1 Introduction
The mathematical expectation, or expected value, of a discrete random variable X is

denoted as E(X) or u. It represents one average or long-term average value of the random

variable, and is calculated as the sum of the products of each possible value of the random
variable and its corresponding probability. For continuous random variable, it is defined as the
integral of the product of the random variable and its probability density function (p.d.f) over the
entire range of the random variable. The expected value of a continuous random variable
represent the 'average' or 'central’ value of the distribution, and it is a measure of the location or
central tendency of the distribution. In gambling and casino games, expected value is used to
axalyse the long-term expected payoff of different bets or strategies, which can inform decision-
making and risk management. In lottery and other probability-based games, expected value is
used to evaluate the fairness of the game and the potential return to players. In project
management, expected value is used to evaluate the potential outcomes and is used to
evaluate the potential outcomes and profitability of different projects or investments. In quality
control, expected value is used to assess the potential impact of defects or failures and to make
informed decisions about quality assurance measures.

6.2 Learning Objectives

After studying this unit, you should be able to:

. Define mathematical expectation for discrete random variable
. Define mathematical expectation for continuous random variable
. Define expectation of function of a random variable
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6.3 Mathematical Expectation
Gambling was the origin of word expectation. Originally, expectation was defined as:

If p represents a person's chance of success in any venture and A the amount which he
will receive in case of a success, then the money equivalent to pA is called expectation.

Mathematical Expectation for Discrete Random Variable

Let X be a random variable with p.d.f. f(x). Then its mathematical expectation, denoted
by E(x), is given by

0

EX)= Y. xf(x)

—0

Mathematical Expectation for Continuous Random Variable

Let X be a random variable with p.d.f. f(x). Then its mathematical expectation, denoted
by E(X), is given by

E) = | xf(x)dx

Note: Here it is understood that J. x f(X)dx exists and Z x T (X)is absolutely convergent,

otherwise these definition are not valid.

In simple words if random variable X takes the value Xi,Xo,...... Xn With corresponding
probabilities p1,p2,........ ,Pny then

E(X) = paXq + paXz +......+ PnXn
=2 PX
i=1

Note: E(X) is also called the mean of X or the population mean and is denoted by p.

Expectation of Function of a Random Variable

Let X be a random variable with p.d.f. f(x) and distribution function F(x). If g is a function
such that g(X) is a random variable and E[g(X)] is defined, then

o0

E[g(X)] = J. g(x) f(x)dx  (for continuous random variable)

—0

= Z a(x) f(x) (for discrete random variable)

Let us improve our understanding of these results by looking at some of the following
examples:-
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Example 1: Find the expectation of the number on a die when thrown.

Sol. Let X be the random variable representing the number on a die when thrown. Then X can

take any one of the values 1,2,3,4,5,6 each with equal probability %as shown in the table:-

1 1 1 1 1 1
EX)=(1) (Ej +(2) (g) +(3) (gj +(4) (gj +(5) (Ej +(6) (Ej

%[1+2+3+4+5+6]

Example 2: In four tosses of a coin, Let X be the number of heads. Tabulate the 16 possible
outcomes with the corresponding values of X. By simple counting derive the distribution of X
and hence calculate the expected value of X.

Sol. Let H represent a head, T a tail and X, then random variable denoting the number of

X=X

1

2

3

4

5

P

1
6

1
6

1
6

1
6

1
6

ol

1

6

7

— x21=—

2

heads.
S. No. Outcomes | No. of Heads (X) S.No. Outcomes No. of Heads
(X)
1 HHHH 9 HTHT 2
2 HHHT 10 THTH 2
3 HHTH 11 THHT 2
4 HTHH 12 HTTT 1
5 THHH 13 THTT 1
6 HHTT 14 TTHT 1
7 HTTH 15 TTTH 1
8 TTHH 16 TTTT 0

87




The random variable X takes the values 0,1,2,3 and 4. Since, from the above table, we
find that the number of cases favourable to the coming of 0,1,2,3 and 4 heads are 1,4,6,4 and
1, respectively. Then, we have

P(X=0)= i,P(le)z 4 = E,P(X:Z): L) = §
16 16 4 16 8
P(X=3)= 4 = 1 and P(X =4) = 1
16 4 16
Thus, the probability distribution of X is
X 0 1 2 3 4
P() 1 1 3 1 1
16 4 8 4 16

2 1 3 1 1
EX)= D, xp(x) =1. = +2. = +3. = +4. —
e % Px) 4 8 4 16

1 3

3 1

= — + — 4+ — + —

4 4 4 4

Example 3: A coin is tossed until a head appears. What is the expectation of the number of
tosses required?

=2

Sol. Let X denote the number of tosses required to get the first head. The probability distribution
of X is

Event X Probability p(x)
H 1 1
2
- ) 1,11
2 2 4
111 1
TTH 3 55" g

E(X)= Y. Xp(X)

x=1
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Z1lx — +2x — +3x = +4x — +F ivvvviiiiieees e (1)
2 1
This is an arithmetic-geometric series with ratio of GP beingr = —
Let S=1.1+2.1+3.E+4 i+ ............................ (2)
2 4 8 16
lS=1+2.}+3.i+ ............................ 3)
2 4 8 16

Subtracting (3) from (2), we get

1—l S=1+1+}+i+ .....................
2 2 4 8 16

: e S , .a
[Since the sum of an infinite G.P. with first term a and common ratio r (<) is 1—].
—-r

= S=2
from (1), we get
E(X)=2

Example 4: A and B throw with one die for a prize of Rs. 11 which is to be won by player who
first throws 6. If A has the first throw, what are their respective expectation?

Sol. The chances of throwing a six are as follows:-

A B

1 5 1
= Y=
6 6 6
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2 4
A's chances of success = — + § l § .1+ .................
6 6 6 6
s [+ 6
= — |1+ = | +H| =] +ererrnd o0
6 6 6
_1 1 6
6 211
()
6
B's chances of success =1 - Ez E
11 11

A's expectation = 1—61 x11=Rs. 6

B's expectation = 1—51 x11=Rs.5

Example 5: A person draws cards one by one from a pack until he draws all the aces. How
many cards he may be expected to draw?

Sol. Suppose he has to make n draws for all the aces. It means that in n-1 draws, he draws
three aces and in the nth one ace. The probability of such an occurrence.

4. x 48%4 . 1
52 52—-(n-1)

Cy

4><|4_8><|n—1><|52—n+1 1
= X
|n—4|48—n+4|5_2 52-n+1
4n-1)(n-2)(n-3)
49x50x51x52

The least number of draws he has to make is 4 and the maximum number 52. Hence n
ranges from 4 to 52.

The expected number of draws

i{n_4(n—l)(n—2)(n—3)}

49x50x51x52

n=4

= — -11 —
49><50><51><52 {Z " 62 " Z " 62 }

Self-Check Exercise
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6.4

6.5

6.6

6.7

Q.1  Two unbiased dice are thrown. Find the expected values of the sum of numbers
of points on them.

Q.2  An urn contains 3 black marbles and 2 white marbles. Four persons A,B,C,D in
order, draw one marble without replacement. The first to draw white marble gets
Rs. 1. compute their expectations.

Summary

We conclude this unit by summarizing what we have covered in it:-

1. Defined mathematical expectation for discrete random variable

2. Defined and discussed expectation for continuous random variable

3. Defined expectation of function of a random variable

Glossary:

1. Let X be a random variable with p.d.f. f(x). Then its mathematical expectation

denoted by E(X), is given by

0

> xf(x), for discreterandomvariable

E(X) =

0

J. x f(x)dx, for continuousrandomvariable

2. Expectation of function of a random variable is defined as:

Let X be a random variable with p.d.f. f(x) and distribution function F(x). If g is a
function such that g(X) is a random variable and E[g(X)] is defined, then.

> g(x)f(x), for discreterandomvariable
Elg()]=| .
J' g(x) f(x)dx, for continuousrandomvariable

Answers To Self-Check Exercise
Ans.17
Ans.2 A's expectation : Rs. 4
B's expectation : Rs. 3
C's expectation : Rs. 2
D's expectation : Rs. 1
References/Suggested Readings
1. Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.
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2. Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

3. Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007.

6.8 Terminal Questions
1. If X has the uniform density

E , for2<x<4
2

f(x) =
0 , esewhere

find its mathematical expectation.
2. Show that the expected number of failures preceding the first success in a series

o . . 11—
of Bernoullian trials with a constant probability 'p' of success is ——.

3. A random variable X takes values
_(-p'-2
i 1
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Unit -7
Addition And Multiplication Theorems Of Expectation

Structure

7.1 Introduction

7.2 Learning Objectives

7.3 Addition Theorem Of Expectation

7.4 Multiplication Theorem of Expectation

7.5 Variance, Standard Deviation

7.6 Some Standard Results
Self-Check Exercise

7.7 Summary

7.8 Glossary

7.9 Answers to Self Check Exercises

7.10 Reference/Suggested Readings

7.11 Terminal Questions

7.1 Introduction

The addition theorem of expectations states that for any two random variables X and Y,
the expectation of their sum is equal to the sum of their individual expectations. This theorem
holds true regardless of whether the random variables X and Y are independent or dependent.
The multiplication theorem of expectations states that for any two random variables X and Y, the
expectation of their product is equal to the product of their individual expectations, but only if the
random variables are independent. In manufacturing and engineering, the addition theorem is
used to calculate the expected failure rate of a system composed of multiple components. In
finance, the addition theorem is used to calculate the expected return of a portfolio of assets.
The multiplication theorem is used in various statistical tests, such as t-test determine the
significance of the relationship between variables. In the insurance industry, the addition
theorem is used to calculate the expected total claims for a portfolio of insurance policies.

7.2 Learning Objectives

After studying this unit, you should be able to:

. Prove addition theorem of expectation

. Prove multiplication theorem of expectation

. Define variance and standard deviation of a random variable

. Prove some standard results on the mathematical expectation, variance.
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7.3 Addition Theorem of Expectation
If X and Y be random variables, then
E(XX +Y) = E(X) + E(Y)

Proof: Let X take the values Xi,X»,....,X, With respective probabilities pi,p.,...... ,pn and Y takes
the values yi,Ys,.....,yn With probabilities p;'.p2',......pm". Then clearly X+Y is also a random
variable which takes the nm values x; +y;, i=1,2,....., n;j=1,2,....., m. Also let  pj be
probability of X takes the value x; and Y taking the value y; simultaneously.

When X takes the value x;, Y can take any one of the values y,Y,,....,¥m, therefore, the

sum z P; will represent the probability p; of X taking the value X i.e. ;= pi. Giving the
j=1 i=1
similar arguments, P, represents the probability p;' of Y taking the value y; i.e. ;= P
i=1 i=1
Now, we have
EX+Y)=D>. D p(x+Yy;)
i=1  j=1
=2 PX+Y X PY,
j= i=1 j=1
= (Z p.JJx +2 [Z p.,jyj
i=1 j=1 j=1 i=1
=2, PX * 2 PY
i=1 j=1
= E(X) + P(Y)
Note. 1. fX,Y,Z.... be discrete random variables, then
EX+Y+Z+ ... )= E(X) + E(Y) + E(Z) +........
2. If X and Y be random variables, then E(aX + bY) = a E(X) + B E(Y), where a and

b are constant.

7.4 Multiplication Theorem of Expectation
If X and Y be two independent random variables, then
E(XY) = E(X) E(Y)

Proof: Let X take the values Xy, X, ...... X, With respective probabilities p1, pz,...., pn and Y take
the values yi, ya,....., Ym With probabilities pi, pa,-....... ,Pm-

Since the variables X and Y are independent, therefore, the probability that X takes the
values x; and that the variable Y takes the value y; simultaneously is p; p;'.
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n n

Thus, EXY)= Y. D pPXY,

=1 j=1
= [Z M][Z pj'yj]
i=1 j=1
= E(X) E(Y)
Note:- The above theorem may be extended to any number of independent variables i.e. if
XY, Z,....... be independent random variables, then
EXYZ..... ) = E(X) E(Y) E(2).............

7.5 Variance, Standard Deviation
Variance of random variable X is the expected value of the non-negative random
variable (X - p).
V(X) = E(X - p)°
or Var (X) = > p, (% - X)?

The positive square root of the variance of X is called the standard deviation of X and is
denoted by o.

Var (X) =o? = E(X=p)*= >_ p, (xi - X)?
7.6 Some Standard Results

Result 1:- The mathematical expectation of the sum of n random variables is equal to the sum
of their expectations, provided all the expectations exist.

Proof: We have to prove that
E(X1 + Xo +....... + Xn) = E(Xy) + E(Xp) +....... +EX) 0 Q)
For the random variables X1, X2
E(X1 + X2) = E(X1) + E(X2)
Result (1) is true for n = 2.
Assume that result (1) is true forn =m

E (Zm; xij = i E(X,) (2)

i=1 i=1

Now E(i Xij = E[i X, + Xm+1j: E(Zm: Xij + E(Xm+1)

i=1 i=1 i=1
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>% E(X,) + E(Xn) [ of (2]

s

i=1

m
=1

Result (1) is true forn =m + 1.
If the result (1) is true for n = m, then it is also true forn =m + 1.

i.e. if the result (1) is true for any integer, then it is also true for the next higher integer.
But result (1) is true for n =2

By the method of induction, result (1) is true for all nel.
Result 2: If X is a random variable and a is constant, then

(i) Ela y (X)] =aE [y (X)]
(i)  Ely(X)+a]=Ely(X)]+a
where y (X), a function of X, is a random variable and all the expectations exist.

Proof: (i) Ela vy (X)] = I ay (X) f (x)dx
=a | y(x)f()dx = aEly (]

i)  ElvQ+al= | [w(x)+a]f(x)dx

0 o0

= [ wt(dx+a | f(xdx

—00

=E[ly X)]+a { T f(x)dx:l}

Result 3: If X is a random variable and a and b are constants, then
E[aX+bl=aE(X)+b
Proof: By definition, we have

E[a X + b] = _[ (ax+b) f (x)dx
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=aT ><f(x)dx+bT f (x)dx

—00

—aEX)+Db
Result 4: With usual notations

=Y pO¢-2X+ X7
=3 pxX-2X Y px+X> p
i i=1 i=1

:Zn: p|>g2—2Y2+Y2 {:Y:Zn: P X andzn: plzl}
i i=1

i i=1

n

=Y px-X

i=1

=3 nx- (Zl MT

i=1
Result 5: For any random variable X,
Var (X) = E(X®) - [E(X)]°

Proof: Var (X) = E (X - p)®
= E(X? - 2uX + ?)
= E(X?) - 2uE(X) + p* E (1)
= E(X?) - 2u.p+ 2.1 [~ E(X) = u,EQ) = 1]
= E(X?) - 2u° + W?
= E(X?) - u°

= E(X*) - [P [~ u= E(X)]
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Hence Var (X) = E(X?) - [E(X)]?
Result 6: For any constants a and b,
Var (a X + b) = a® Var (X)
Proof: We have
Var (@X +b)=E[aX +b]*-[E (aX+b)]?
= E(@®X® + 2abX + b%) - [a E (X) + b]? [ E(1)=1]
= a’E (X?) + 2abE (X) + b? - a® [E(X)]* - b?- 1 - 2ab E (X)
= a® {E(X) - [E(X)*}
= a’” Var (X)
Hence the result
Result 7: If X4, X; are two independent random variables having E(X;) = p; and E(X;) = Yz, then
Var (Xy + Xp) = Var (Xy) + Var (X,)
Proof: Var (X; + Xz) = E(Xy + X2)* - [E(X1 + X2)]?

= E(X]) + E(X3) + 2E(Xy Xp) - {[E(X:(? + [E(X)F + 2E(X1) E(X2)}
= E(X[) + E(X3) + 2E(X1) E(X,) - [E(X)] - [E(X)] - 2E(X1) E (X,)
= {E(X?) - [EX)I} +{E(X3) - [EX)F

= Var (X;) + Var (Xy)

Hence Var (X; + X,) = Var (X,) + Var (x,)

Let us improve our understands of these results by looking at some of the following
examples:-

Example 1: For the following probability distribution of the random variable X

X 8 12 16 20 24
0 |1 |1 3 1|
8 6 8 4 12
Find ()  E(X) i)  EX) (i) E(X-XP?
1 1 3 1 1
Proof: () EX) =S Xp=8x = +12x = +16x 2+ 20x = + 24 x —
0 00 =2, XP=8x g +12x & +16x 2420 7 +24x 5
- 16
1 1 3 1 1
i E(X?) = 2n=8%x = +122x =+ 16%°x —+20%x —+24°x —
() EX)= 2, Xp=8xg 6 0 T8 T 4 T
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=276
V(X) = E(X*) - [E()P
=276 - (16)* = 20
Mean = E(X) = 16, Variance = V(X) = 20
(iii) E(x - X)> = E(X* + X* - 2XX)
= E(x%) + X* - 2E (XX)
= E(X%) + X° - 2XX
= E(X%) +X°
= E(X) + [E()P?
=276 - (16)? = 276 - 256
=20
Example 2: A s/x - sided die is tossed. Find the variance of the number of dots on the top face.
Sol.: Heres={1, 2, 3,4, 5, 6}
Let x be random variable denoting the number of points taking values 1, 2, 3, 4, 5, 6.

X 1 2 3 4 5 6
169 1 1 1 O O
6 6 6 6 6 6

EX) =2 xf(x)

U 2[5) o5 r4l6) o8] ()

-1,2,3,4,5,6
6 6 6 6 6 6
_1+2+3+4+5+6 21 _7
6 2
- tsf2)os 23wl o
6 6
-1,4,9,16,% 36
6 6 6 6 6 6
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_1+4+9+16+25+36 _ 91

6 6

Var (x) = E(x) - [E(X))°
_ 91 49 _182-147 _ 35

6 4 12 12
Example 3 : A coin is tossed until a tail appears. What is the expectation of the number of
tosses required?

Sol. :- Let denote the number of tosses required to get the first tail. The probability distribution
of X is

Event X Probability
H 1 1
2

TH 2 111

2 2 4

111 1

TTH 3 55" g

This is an arithmetic-geometric series with ratio of G.P. being r =

Let S=1.1+2.£+3.£+4 —F (2
2 4 8 16
szttt L 3)
2 4 8 16

Subtracting (3) from (2), we get
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: o e : . a
[Since the sum of an infinite G.P. with first term a and common ratio r (<) is 1—].
—r

= S=2
from (1), we get E(X) =2

Example 4 :- Three urns contain respectively 3 green and 2 white ball, 5 green and 6 white
balls and 2 green and 4 white balls. One ball is drawn from each urn. Find the expected number
of white balls drawn out?

Sol. :-

Number of green balls | Number of white balls

Urn | 3
Urn Il 5
Urn [l 2

E (one white ball drawn from each urn)

=1><E+1><E+1><ﬂ
5 11 6
2 6 2
==+ — + =
5 11 3
_ 66+90+110 _ 266
165 165

Example 5 : Let x have the p.d.f.

E(x+1), -1<x<1
fx) =42

0, e sawhere

Find the mean and variance of x

101



l(x+1), -1<x<1
Sol. : - Here f(x) =< 2

0, esewhere
SE) = [ o (9 = j_lle(x)dx - Il@dx
1t _1ixe X
—Ej(x+x)dx—2[ 2}1
1 (1 EH_LEJ _1 21
23 2 3 2)| 273 3

Mean = E
3
Now EGA) = [ X F (9 = = [ (¢ +1dx
-1 2 Ja

J._ll(x3 +X%)dx

N

Il
N
|
+
| %
1
N

Variance x = E(x?) - [E(X)]?

_1 (1Y .1 1_31_2
3 3 3 9 9 9

Example 6 :- Find the mean and variance of the distribution that has the distribution function
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o

F (=

P 5% olx

Sol. :- Here

F(x) =

0<x<?2
2<x<4

4<X

0, x<0
5, 0<x<2
8

2

iﬁ 2<x<4
16

1, 4<X

which is continuous function of x

The p.d.f. of x is given by f(x) = F'(x)

1, 0<x<2
8
X

f(X)= g, 2<x<4
0, €sawhere

Now ~E() = [ xf (x)dx = jozxr(x)dx + J':xf(x)dx

[T,

[64 - 8]

1 272 1
= — | X + —

T
1 1
—[4-01+ —
16[ ]

24
4 56 1 7
= — + = — 4+ — =
16 4 3

31

12

24
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2 ™2 _ (221 42X
and E(x°) = Lox f(x)dx = on gdx + Lx gdx
-1 rxzdx+lj4x3dx
8 Jo 8 72

1 1
o Xl 5 X

L g0 Liose-16= 2+ 240
24 32 24 32
1 15 _2+45 _ 47

3 2 6 6
Now variance = E(x?) - [E(X)].

ﬂ(f%_l]ﬂg_m
12

6 6 144
_1128-961 _ 167
144 144

Example 7 :- Find the mean and variance of a random variable that takes the values 1, 2,

3,....,n each with probability E
n

Sol. :- Here

X 1 2 3 ... n

P(x) 1 1 1 ..

E() =2 x f(X)
U= +2| = +3]=|+..x|=
n n n n

l(1+2+3+ ....... +n)
n

_ l[n(n+1)} _n+1
=== =

Mean = E(x) = nTJrl
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E() = X x* f(¥)

- 1{1j P (lj ‘3 [lj - (lj

n n n n
L 2+ 2%+ ... +n?)
n

1 [n(n+1)(2n+1)}
" 6

(n+)(2n+1)
6
. Var (x) = E(®) = [E (0)]?

_ (n+)(@n+1) [n+1}2
- 6 2

_(n+1 {2n+1 n+1}
2 2

n+1 {4n+2 (3n+3)}

2
_(n+1 {4n+2 3n- 3}

2
_(n+1lyn-1_(n+DH(n-2
2 6 12
-1
12

Example 8 :- If x is random variable such that E(x) = 10, v(x) = 25, find the positive numbers a
and b such that y = a x -b has mean zero and variance 1.

Sol.:-E(y) =E(x-b)=aE(X)-b=10a-b=0

= 10a=b (1)
Also V(y) = a” v(x) = a*x 25 =1
= 2= & :sa—l ...(2)
25 5
Putting the value of a from (2) in (1), we have
b=2
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azl,bzz
5

Example 9 : Show that if y and z are independent random values of a random variable x, then
E(y - 2)° =2 v(X)
Sol. :- Lety and z are independent random values of variable x.
E(yz) = E(y) E(2)
and  E[y - z)* = E(y) + E(z%) - 2E (yz)
[.. y and z are independent]
= E(y’) + E(z°) - 2E (y) E(2)
= E(x%) + E(X%) - 2E (X) E(x)
[ E(X) = E(y) = E(2) = p (say)
and E(x%) = E(y) = E(Z%)
=2[E(x*) - [E()]?]
=2 v(X)
E(y - 2)* = 2 v(X)
Self-check exercise

Q.1 If x; and x, are two independent random variables having variance k and 2
respectively. If the variance of y = 3x, - x1 is 25. Find k.

Q.2 Lety=3x-5andE(Xx) =4, var (X) = 2. What is the mean and variance of y?

Q.3 Let the probability function of the random variable x be of the following form,

5
where ¢ is some constant: f(x) =c (x] ,x=0,1,2,3,4,5

0] Determine the value of c.
(i) Find E(x)
(iii) Find var (x)

Q.4 A and B thrown with one die for a stake of Rs. 44 which is to be won by the
player who first throws a six. If A has the first throw, what are their respective
expectations?

7.7 Summary

We conclude this unit by summarizing what we have covered in it:-

1. Proved addition theorem of expectation of two random variables.
2. Proved multiplication theorem of expectation of two independent random
variables.
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7.8

7.9

7.10

Defined variance and standard deviation of a random variable.
Proved some standard results of expectation and variance.

Some examples are given related to each topic so that the contents be clarified
further.

Glossary:

1.

or

Variance of a random variable x is the expected value of the non-negative
random variable (x - p)? i.e.

Var (x) = E(X - p)?
Var (x) = > p, (xi - X)?

The positive square root of the variance of x is called the standard deviation of x
and is denoted by c i.e.

Var(x):GZ:E(X:4)2: z P (Xi-)_()2
If x and y be random variables, then

EXx+y)E(X)+el(y)
If x and y be two independent random variables, then

EMxy)=EMX)E(Y)

Answers To Self-Check Exercise
Ans.1k=7
Ans.2 Mean =7 ; variance = 18

1

Ans3 () c=-=

3

) _5
@ EK=7

_ 9
(iii) Var (x) = 2

Ans.4 A's expectation = Rs. 24

B's expectation = Rs. 20

References/Suggested Readings

1.

Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.
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Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007.

7.11 Terminal Questions

1.

Let the random variable x have the distribution

Px=0)=Px=2)=p;Px=1)=1-2p,for0<p<

N

For what p is the V(x) a maximum.

Let the probability function of the random variable x be of the following form
where ¢ is some constant:

fX)=cx,x=34,5,6
0] Determine the value of ¢
(i) Find E (x)
(iii) Find Var (x)
Xx,0<x<1
1709 = {2—x,1s X< 2
Find the mean and variance of a random variable x.

Let x be a random variable with the following probability distribution

X -3 6 9

p(X)

1 1 1
6 2 3

Find E (x) and E (x?) and using the laws of expectation, evaluate E (2x + 1)?

An urn contains 3 black and 2 white marbles. Four persons A,B,C,D in order,
draw one marble without replacement. The first to draw a white gets Rs. 10.
compute their expectations.
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Unit - 8

Moments

Structure

8.1 Introduction

8.2 Learning Objectives

8.3 Moments

8.4 Relation Between The Moments About The Mean In Terms of Moments About The
Origin

8.5 Relation Between the Moments About the Origin In Terms of Moments About The Mean
Self-Check Exercise

8.6 Summary

8.7 Glossary

8.8 Answers to Self Check Exercises

8.9 Reference/Suggested Readings

8.10 Terminal Questions

8.1 Introduction

Moment are numerical characteristics that describe the shape and properties of a
probability distribution. They provide a quantitative way to analyse and understood the
distribution of random variables. The most used moments are: mean (first moment); variance
(second moment): skewness (third moment) and kurtosis (fourth moment). The mean or the first
moment represents the contra) tendency of the distribution. It is the average or expected value
of the random variable. The variance or the second moment, measures the spread or dispersion
of the distribution around the mean. Skewness measures the asymmetry or lack of symmetry in
the distribution. If indicates the direction and degree of the distribution's departure from
symmetry kurtosis measures the 'peakedness' or ‘'flatness' of the distribution compared to a
normal distribution. Positive kurtosis indicated a 'peaked' distribution with heavier tails, while
negative kurtosis indicates a 'flat' distribution with lighter tails.

Moments are used to describe and characterize the shape and properties of probability
distributions, such as symmetry, dispersion and tail behaviour. Moments are often used to
estimate the parameters of probability distributions, such as the mean and standard deviation,
from sample data.

8.2 Learning Objectives
After Studying this unit, you should be able to:

. Defined moments about origin and moments about mean for discrete and
continuous probability distribution
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. Find the relation between the moments about the mean in terms of moments

about the origin.

. Find the relation between the moments about the origin in terms of moments

about the mean
8.3 Moments

In case of discrete probability distribution, '™ moment about origin, denoted by ', is

defined as

b =EX-W)1= D (x—u) (X

In case of continuous probability distribution,

p=E ()= [ X f(x)dx

and  pr=E((x-w1= | (x=p)" f(x)x
Note I.
lfr=1,then 1 '=> X f(x) given
w'=EM =Y xf(x),
which is the expected value of the random variable x and is denoted by .

b= =EE= Y xF(X)

Note Il.
Ifr=1,then g, = > (x—p)f(X)gives
th=Ex=p) =Y (x—u)f(X) gives
=> xf(x)-p D (%
=p-pl [ D f(9=1]
=0
First moment about mean is always zero
Note IlI.

Ifr=2, then
He =D (x=w)" f(x) gives
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8.4

My, =E (x-p)?= D (x—p)? f(X)=0o°
Relation Between the Moment About the Mean in Terms of Moments About the
Origin
We know that
o= (x=u) T(¥)
Put r=1
= (x—p)f(x)
=Y xf()-pu Y F(¥)
=p-p-1 [ > f(9=1]
=0
th =0
M, =E (x-p)?=E (x°) - 20 E (x) + u* E (1)
=E(X)-2UE (X) +p° [ E(x)=pand E (1) = 1]
=E (<) - 20% +
=E () -0 =+
Hy = E (x- p)° = E (x° - 3ux® + 3p° x - )
=E(C)-3uE () + 3 E(X) - W E (1)
= E () - Bp.p2 + 3p%p - 4 [ =14
= pa'- 34 py' 20
My = E (x-p)*
= E (x* - 4 xp+ 6X°u% - 4xp® +u%)
= E (x%) - 4pE(X°) + 6u° E (x°) - 4p° E () + u* E (1)
= fy - Ay pg + 67 11y - A% g +
1 1 1 1 12 14 14 . 1
=My A g v 6, p-Apy oy [Tp= )
= fy- Apg y + 6 uT -3
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8.5 Relation Between the Moments About the Origin In Terms of Moments About the
Mean

We have
#=E () =y
Hy =E (<) = E [(x -p) +uI’
= E[(x =p)° + 21 (x -4) + 1]
= E[(x-u)?] + 2uE (x = W) + B> E (1)
=ty +2p(0) + 1 (1) [ E(x-w) =0, EQ) = 1]
Hy =ty + W
#; = E (<) = E[(x = p) + pf°
= E [(x -u)° + 3u(x =p)* + 3p° [x = p) + ]
= E [(x -u)°] + BUE (X -u)* + 3p* E (x - p) +u° E (1)
= g+ 3p iy + 37 (0) +° (1)
1 = Uy 3y +p°
Hy =E (') = E [(x 1) +]*
= E[(x- u)* + 4p(x -p)° + 6% (x - p)” + 4p° (x -p) + W]
= E[(x -W)" + 4pE [(x -W)’] + 6p” E [(x -1)’]
+4P°E (x-p) + p*E (1)
=l + 44, + 6p? p, + 4p? (0) +p4 (1)

Hy = Ha+ AU+ 6% 1, +

Let us improve our understanding of these results by looking at some of the following
examples:-

Example 1: The first four moments of a distribution about the value 4 are -1.5, 17, -30, 108.
Calculate the moments about the mean.

Sol. Here the r'™ moment about any point '4' is

112



4 '=E (x- 4)

Putting r = 1,2,3,4, we obtain

1=E (x-4)
or -15=EX) -4
or ExX)=4-15
or =25 [ p=E (X)]
Putr=2 1 = E (X - 4)?

or

17 = E (x* - 8x + 16)
=E(X)-8E(X)+16E (1)
=E (x°) -8y + 16
E(x)=17 + 8p-16
=17+8(2.5)- 16
=17+20-16=21

Now p2=E[¥X’]-[EX)]

=21-(2.5)°
=21-6.25
=14.75

W, = 14.75

Putr = 3; Hy'=E (x-4)3

or

or

-30 = E [x* - 12%* + 48X - 64]

= E (x°) - 12 E (xX?) + 48E (X) - 64E (1)
=E (x°) - 12 (21) + 48 (2.5) - 64

E (x°) =-30 + 252 - 120 + 64

E (X°) = 166

Now g, =E (X% - 3E (x°) E (X) + 2 [E (X))°

=166 - 3 (21) (2.5) + 2 (2.5)°
=166 - 157.5 + 31.25
=197.25 - 157.50
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=39.75
Patr=4; uy =E[x-4]3
or 108 = E [x* - 16x° + 96x? - 256X + 256]
= E(x*) - 16E (x°) + 96E (x°) - 256 E (x) + 256 E (1)
= E (x*) - 16 (166) + 96 (21) - 256 (2.5) + 256
or E (x4) = 108 + 2656 - 2016 + 640 - 256
=1132

Now g, =E (x*) -4 E (X°) E (x) + 6E (x°) [EX)]° - 3 [E()]*
= 1132 - 4 (166) (2.5) + 6(21) (2.5)% - 3 (2.5)*
=1132-1660 + 787.50 - 117.1875
or M, =142.3125
Example 2: Following are the four moments about the true mean, which is 5.2 :
1, =0, 1,=5.16, u=-2.304, u,=59.8032.
Find the four moments about the origin.
Sol. Here y=5.2, 1,=0, u,=5.16, u,=-2.304,
M, =59.8032
Now ,ullz pu=5.2
W = U+ =516+ (5.2)> =5.16 + 27.04 = 32.2
U = fy +3up, +u°=-2.304 + 3(5.2) (5.16) + (5.2)°
=-2.304 + 80.496 + 140.608 = 218.8
My + A g+ 6u° +
=59.8032 + 4(5.2) (-2.304) + 6 (5.2)* (5.16) + (5.2)*
=59.8032 - 47.9232 + 837.1584 + 731.1616

=1580.2

Example 3: The first four moments of a distribution about arbitrary origin 4 are 1,3.5,8.5,33.5
respectively.

=
N
1"

Calculate () 4y, py, 11, (i) the first four moments about zero.

Sol. (i) HereE (x-4)=1 = EX)-4=1
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= ExX)=1+4
=5
p=5
E(x-4)°=35
= E[x*+16-8x] =35
= E (X% +16 E(1)-8E (x)=3.5
= E (X% +16-8(5)=35
= E (%) =27.5
Now E (x-4)®=85
or E[x®-12x* + 48x - 64] = 8.5
or E (x°) - 12E (x°) + 48 E () -64=8.5
or E (x°) - 12 (27.5) + 48(5) - 64 = 8.5
or E (x% - 330 +240-64=8.5
or E (x°) = 162.5
and
E (x-4)"=335
= E[x* - 16x° + 96x? - 256x + 256] = 33.5
or E(x*)-16 E (x°) + 96 E (x°) - 256 E (x) + 256 = 33.5
or E (x%) - 16 (162.5) + 96 (27.5) - 256 (5) + 256 = 33.5
or E (x*) - 2600 + 2640 - 1280 + 256 = 33.5
= E (x) =1017.5
Now , = 45 - (4;)2=27.5-(5)2=27.5-25=25

Hy= py"- 3, ' + 21
=162.5- 3(27.5) (5) + 2 (5)°
=162.5 - 412 + 250
=0
Mo = M- 405" "+ 60" (1")-3(44 ")
=1017.5 - 4 (162.5) (5) + 6 (27.5) (5)*- 3 (5)*
=1017.5 - 3250 + 4125 - 1875
=175
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(ii) ' -u=5, 1, =E(x?) =275, u;'=E (x°) =162 - 5,
u,' =E (x)=1017.5
Example 4: The first three moments of a distribution about the value 2 are 1, 16 and - 40. Show
that the first three moments about zero are 3,24,76.
Sol. Here Ex-2)=1
= ExX)-2=1
EX) =3
E(x-2)°=16
= E(X*+4-4x)=16
or E(X)+4-4E(x)=16
= E(x)+4-4(3)=16
or E (x°) = 24
Also E (x - 2)° = -40
= E[x*-8-6x°+12x]=-40
or E(®-8-6E(x*)+12E (x)=-40
or E () -8-6(24)+12 (3) = - 40
or E(x°)-8-144 +36=-40
= E(X°) =76
Example 5: Find the first four moments
@ about the origin (b) about the mean,
for a random variable x having density function
100 = {4X(9—x2)/81 0<x<3
0 , elewhere

Sol:  (a) By definition

X?(9—x?)dx

2 4
1, =E(x):.([ xf(dx =

O =y
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3 3
/12'=E(x2)=£ X f (x)dx = 8ilj; X3(9— ) dx

ma 6713
8l 4 6]
4 [9x81 9><81} 4 9x81 1
= — — = — X x — =3
81| 4 6 81 1 12
3 43
"ZEX) = | X F()dx= — | x*(9-x*)dx
n <)£ (X) 81{( )

_afgx X[ _a {2187_2187}
81| 5 7 81| 5 7

4 o187 [3} - 216
81 35 35

3 3
' =E0) = [ X (0= Silj X8(9— ) dx
0 0

4] x° XBT
81| 6 8|

_4 9X729_@}:ixe5elxi=£
81l 6 8| 81 24 2

(b) We know that z4 '=pand g, =1
= py' -

Hs = 1“3' -3, +2/U1I3

Ho = Hy' -ap g + 60" 1 -3

Thus, we have

th =0
8 11
=3-|— == =52
e (5) 25 °
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3
ﬂszﬁ_3(3) (gj +2(§] :_2

35 5 5) 875
'5-4(@)@%@ 8) _,(8)
He =5 35 (5 5 5
_ 3693
8750

Self-check exercise

8.6

8.7

Q.1

The first four moments of a distribution about x = 2 are 1, 2.5, 5.5 and 16.
Calculate the first four moments about the mean.

Q.2 Let the first, second and third moments of the distribution about the point 7 be
3,11 and 15 respectively. Determine the mean p of x and then find the first,
second and third moments of the distribution about the point p.

Summary

We conclude this unit by summarizing what we have covered in it:-

1. Defined moments about origin and moments about mean for discrete and
continuous probability distribution.

2. Derived the relation between the moments about the mean in terms of moments
about the origin.

3. Derived the relation between the moments about the origin in terms of moments
about the mean.

4, Some examples are given related to each topic so that the contents be clarified
further.

Glossary:

1. Moments are numerical characteristics that describe the shape and properties of
a probability distribution.

2. In case of discrete probability distribution r™ moment about origin, denoted by

4, ', is defined as

4 =E)= Y X )

In case of continuous probability distribution,
g =E)= [ X ()
Also, r' moment about mean, denoted by 4, ,is defined as
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8.8

8.9

8.10

o0

4 =E[x-w]= J. (x=p)" f(X) [For discrete probability distribution]

—0

U =E[(x-p)7]= I (x— )" f (X)dX[For continuous probability distribution]

Answers To Self-Check Exercise

Ans.l u, =0, u, =15, ; =0, u, =6

Ans.2 p=10; i, =0, u, =2, u; =-30

References/Suggested Readings

1.

Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007.

Terminal Questions

1.

The first four moments of a distribution are 1,4,10 and 46 respectively. Compute
the first four central moments and the Beta constants.

The first four moments of a distribution about the value 4 are -1.5, 17, -30 and
108. Calculate the moments about origin.

In a continuous distribution whose relative frequency density is given by f(x) =

%x (2 - x), the variable ranges from 0 to z, show that x, = 0.

The first four moments of a distribution about the value 5 of the variable are 2,
20, 40 and 50.

Show that y, = - 64, u, =162
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Unit-9

Moment Generating Function

Structure

9.1 Introduction

9.2 Learning Objectives

9.3 Moment Generating Function (m.g.f.)

9.4 Properties of Moment Generating Function
Self-Check Exercise

9.5 Summary

9.6 Glossary

9.7 Answers to Self Check Exercises

9.8 Reference/Suggested Readings

9.9 Terminal Questions

9.1 Introduction

The moment generating function is a powerful mathematical tool used in probability
theory and statistics to characterize the probability distribution of a random variable. It uniquely
determines the probability distribution of the random variable i.e. if two random variables have
the same moment generating function, then they have the same probability distribution. The n™
moment of the random variable x can be obtained by taking the n™ derivative of the moment
generating function with respect to t and evaluating it at t = 0. The moment generating function
is useful for studying the behaviour of transformed random variables. The moment generating
function is widely used in deriving probability distribution; studying properties of random
variables; analyzing sums and transformations of random variables; constructing confidence
intervals and hypothesis tests.

9.2 Learning Objectives
After studying this unit, you should be able to:

° Define moment generating function (m.g.f.) for discrete and continuous random
variable

. Discuss moment generating function

. Discuss different properties of moment generating function

. Discuss limitation of moment generating function

9.3 Moment Generating Function (m.g.f.)

Def: The moment generating function of the distribution of a random variable x (if it
exists), is given by the expected value of €, named by
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M) =E (€)= >ef(x= .. (1)
When x is discrete, and
M,(t) = E (e%) = j f(x)dx )

When x is continuous

Substituting in (1), the expansion of e*, we obtain for the discrete case

2 r
My(t) = Z{1+tx+tEx2+ ....... +tExr+ ....... }f(x)

X

t? t'
=1+,u1't+y2'é+ ........ +yr'E+ ..........
Where 4", fy'....., 4, "',..... are the first, second,....., r'" moment about the origin and

this explains the term 'moments generating function'. It can be seen from (t), however, that for
any random variable x, the m.g.f. M,(t) must exist at the point t = 0 and at that point its value
must be M,(0) = E (1) = 1.

Suppose now that the m.g.f. of a random variable x exists for all values of t in some
interval around the point t = 0. It can be shown that the derivative M,/(t) then exists at the point t
=0, and that at t = 0, the derivative of the expectation in (1) must be equal to the expectation of
the derivative. That is

Oho=| S E@| -e[9@
My ()]0 = Lit E(e L' - {dt N l—o

d X X
= E (x), |: (ae j = (Xe )t:O = X:|

Therefore, it follows that

M'(0) = E (x)
In words, it means that the derivative of the on g.f. M,(t) at t = 0 is the mean of x.
Similarly, it can be shown that for n = 1,2,....., the n" derivative Mx™(t) at t = 0 will satisfy the

following relation.

o[ far] 45
t=0 t=0
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= E[(x"etX LO =E (X"
Thus, M',(0) = E (x), M",(0) = E (xX%), .... and soon,
9.4 Properties of Moment Generating Function
Property | : If a and b are constants, then
@  Mya(t) = €™ My(D)
() MO =m®

x+a . _t° t
© mX m—ém{ﬂ

Proof: (a) We have
Mya(t) = E [ = E (e™. )
= e E (&%) = e*. M\(t)
(b)  My(t) = E[e"”] = E [€™] = M\(tb)

X+a t ta
© M, ®=E|e® }E {eb .eb}

b L

fa ] fa t
—e’E {eb =eP MX(BJ.

Property Il: Effect of change of origin and scale on Moment Generating Function

Let us transform x to the new variable U by changing both the origin and scale in x as
follows:

X—a , . .
U: ——, where a and h are constants. Moment generating function of U (about origin)

is given by:

. t(x—a)

Mu(t) = E(eV) = E | eXp H

[ tx _—at

=E|le—e—

h h }

M tx
- eh}
h -

= e__at. Mx(ij
h h
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—at
= Mu(t) =e h . Mx[%j

Where M,(t) is the m.qg.f. of x about origin.
In particular, if we take a = E(X) = y (say)

and h=o,=o0 (say), then

x—E(x): X—

U= H_ z(say)
o

Oy

is known as a standard variable. Thus the m.g.f. of a standard variate z is given by
-ytlo t
M,(t) = ev° . My| —
O

Property Ill : The m.qg.f. of the sum of a number of independent random variables is equal to the
product of their respective moment generating functions.

Proof: Let Xi, Xo,...... , X, be independent random variables. Then by definition of a m.g.f. applied
on X + X, +...... +X,, we have

- L XX+ )
My (= E [d0e]

= E(e"‘l) E(etXZ) ....... E(e”‘")
(" X1, X2, ennn. , Xn are independent)

=M, ® M, (1) ... M, ()

ie. M. ., O=MOM_O... M, ()

Hence the result

Property IV: Moment generating function of a random variable x about point x = a generate r"
moment about the point x = a.

Proof: Moment generating function about x = a is given by
My(t) = E[e]

B} _a+ xea? U xay
-E{lﬂ(x a)+|_2(x a) +...... +|£(x a) +....... }

2 I tr I

=1+t — ) e, +— U
r
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r

t
Which clearly shows that coefficient of [z 4, '(about x = a)
r

Property V: Property of Uniqueness

The m.g.f. of a distribution, if it exists, uniquely determines the distribution a given
probability distribution, there is only one m.qg.f. (provided it exists) and corresponding to a given
m.g.f., there is only one probability distribution. Hence M,(t) = My(t) = x and y are identically
distributed.

Property VI: Limitation of the Moment Generating Function

Moment generating function suffers from some drawbacks which has restricted its use in
statistics. These are

1. A random variable x may have no moments although its m.g.f. exists.

2. A random variable x can have m.g.f. and some (or all) moments, yet the m.g.f.
does not generate the moments.

3. A random variable x can have all or some moments, but m.g.f. does not exist
except perhaps at one point.

Let us improve our understanding of these results by looking at some of the following
examples:

. , o1 :
Example 1: The random variable x can assume the value 1 and -1 with probability > each. Find

@ the moment generating function
(b) the first four moments about the origin
Sol. Given information in the tabular form can be put as under:

X f()
1 1/2
-1 1/2

@ MH=EE"=D e f(x

= e® (1} + gltD (lj
2 2

% (et+e‘t)

(b) We have
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2 t3 t4
ezl +t+ —+ —+ — .
2 [3 |4
e'=1-t : i+t4
2 3 i
1 G
Now Z(e'xe)z=l+— + — . (1
2( x€e") 2" (1)
G
Mx(b) =1+ — + —+............
2[4
1 1t2 1t3 1 !
But My (b) 1+ t+ —+ —+ — . .2
u (b) Hy /uzl_z ﬂ3|§ :U4|i1 (2)

Comparing (1) and (2), we have

The odd moments are all zero, and even moments are all one.
Example 2 : Find m.g.f. of Binomial variate and hence find mean and variance.
Sol. : - Let x be a binomial random variable

S Px=r=n p'g™r=0,12 ... ,n

p+q=1,pq>0
By definition

My(t) = E(e") = i e"P(x=r)
r=0

n
— 1l -
— Z:ernCr pran
r=0

d>on (p.eyg™
r=0

n_ (p.e)°.q"+ n (pe") g™t +n_ (pe)’ g™ +.......
+ N, (pe)" g°

=(q + pe)"

Mx (t) = (g + pe)"
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dm, (t)

=n(q + pe)™ x pe'

dt
1
s ‘dMX(t) = n(@+p)p=np
dt |
[ a+p=1]
1
= :ul =np
2
Aiso ¢ I;/lg(t) =np[(q + pe)" €' +e' (n-1).
(q + pe)™ pe]]
d’M.(t
2O < npigrp) + (0-1) (@ + p) ")
dt* |,
d’M.(t n-
= Hy = dtﬁ( )| - np[(a+p)™* + (n-1) (g + p) "* p]
t=0

= #; =np[L+ (n-1)p] = np [1+ np - p]
M2 = f - g =np+n°p’ - np® - n? p?
=np - np® = np(1- p) = npq
Mean = np, variance npq, M(t) = (q + pe")"
Example 3 : In a continuous distribution whose relative frequency density is given by f (x) =

%x (2 - x), the variable ranges from 0 to 2. Show that the distribution is symmetrical with mean

1 . . :
=1 and variance = " Show that the third moment about x = 0 is g Verify uz = 0.

o0

sol.: | f(x)dx :fg(z_x)dx

|
O =y
MW
—~~
N
X
[
X
N
N
o
X

I
Alw
1
x
N
[
w|*,
| I |
N
I
'_\
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f(xX)>0 forO<x<2

f (x) is the density function

we have

b
Now using 4, (about the origin) = J. f (x)dx

4, (about the origin) = % '[02 x2(2—x)dx

_ % [ @3 - x)x

§2___}
4_3 40
_3[16_16] _3
413 4] 4

1
= Zx16|=|=1
)

(4 (about the origin) = % J-oz x3(2—- x)dx

_ % [ (@¢ - x)dx

4 0

4 5
_3[s2 2] _3
404 5] 4

x 32x :§
6

1 (about the origin) = % J.Oz x*(2—-x)dx

- % [ (@xt ~xyax

I
Mlw
‘I\)
X
[6;]
[
|><
(o]
1
o

Alw
I 1



Mean 4 = 1;

gl

and variance p, = 145 - (11)? = g -1=

Me= M3 -3 iy py +2 ﬂ113=g'1—58+2=0

Since pg, which is measure of skewness is zero, the distribution is symmetrical about the
mean.

Example 4 : For the Bernouth distribution

o (1-6)"*, x=0,1
f(x;0) =
0} elsewhere
Find M,(t) and hence find ,ul1 and . Also find B, and ..
Sol. :- We have

M, (1) = Ee®) = > €*f(x;0)

1
Z etXeX (1_ e)lfx
x=0

(6€)*(1- 0)-

M-

i
o

X:

= [(1 - 8) + 6€'], which is the required m.g.f.

w; (mean) = [M, (1) ]  =[0e]0=0

,U; = [M;(t)]t:0= [0 eTz0 =6

Therefore, u, (variance) = u; - ;1112
=0-0°
=0(1-6)

Thus, the mean and variance of the Bernoulli distribution 6, 6 (1 - 0) respectively.

Also, By= L2 p,= £
2 Hy

Now, #3=[M"®)] =[0elo=0
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w= (M) =0elo=0

Thus, ps= ps - 34, th +244°
=0-360.0+20°
=0 (1-30+20?%
=0 (1-0)(1-20)
Ma= fy -Apspy + 645 1%, 3 "
=0 -40.0 +60.67 - 39*
=0 (1-40+60°-30°
=0(1-0) (1-369
=0(1-0)[1-30(1-0)
Uy 01-0)(1-20) 1-20

H »P1L= - )
ence, B 12 [6(1-6)]*? \/49(1—49)

_ H, _ 0(1-0)[1-39(1-0)]
S 6*(1-6)*

P2

_1-36(1-9)
0(1-0)
Example 5: Find the moment generating function for the distribution defined by

X,0<x<1
f(X)=42—%x1<x<L2
0, esawhere

X,0<x<1

Sol. Here f(X)=42—%1<x<L2
0, elsewhere

Moment generating function = M(t) = E(e®)

0 0 1 2 ©
= I e* f (x)dx = J' e‘Xde+J. e”*xdx +J' etx(2—x)dx+f €*0dx
—0 —0 0 2

1
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= j xe> dx + J% (2—x) €*dx
0

1

etx 1 etx etx 2 2 etx
5] et et

xe* | 1., 2-xe*] 1.,
=17 } - € ]Z*{fl*t—z[et I

0

1
= Eet—O}- ~(e'-e) +(0- =€ +t—2(e2‘-et)
:}et_%etJrlz_}etJr_ezt izet

t t t t t t

2t t

e €
=7 237 12

t t t

, 120
M(t) = 3t
1=

1 0

Sol. Moment generating function

M(t) = E (%) = T e f (x)dx
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1% 1 1
For t=0, M(t)—j dx—gj 1dx §[x]f1:\73(2+1):1
-1

M(®) = 3
1,t=0

Example 7: The probability density function of the random variable x follows the probability law:

(x) L ex ( —1X_01j <X <
= — — , =00 o0
Y R

Find the m.g.f. of x. Hence or otherwise find E(x) and V(X).
Sol. The m.g.f. of x is

My(t) = E (&™) = j 2—1eexp (—1)(591} e™ dx

—00

g 0
J i [__Xj ef)(dx_l_J. iexp[_x_gj eD(dX
220 ) 20 0

For Xe(-0,0),x-0<0=6-x>0

[Xx-0]=0-XxVX e (-0, 0)
Similarly |[x - 6] =x -0 V x € (0, ©)

5 oo o 5 o 43
5 i3 i)

0
ot s ot
— € + € — € = et (1- 92'[2)'1
2(6t+1) 2Q1-6t) 1-61
0%t?
=1+ 6t+ +e. (1+0%7+0% + ... )
2
2t2
=1+0t+ S U

131



E(X) = 4, = Coeff. of tin M,(t) = 0

Mean =0

2

o .
Now 1. = Coeff. of — in My(t) = 307
Hy |_2 (1)

Hence var (X) = 1~ i > = 30%- 6% = 267

Variance (x) = 26°

Self-check exercise

9.5

9.6

Q.1 For the discrete uniform distribution
, forx=1,2,.....,.k
f) =4 k
0, elsewhere
Find the m.g.f. and hence find ,ull and M, (i.e. mean and variance).
Q.2 Letthe random variable x assume the value 'r' with the probability law:
Px=n=2%p;r=1.23,.......
Find the moment generating function of x and hence its mean and variance.
Q.3  Arandom variable x has probability density function given by
1
fx)= —e™,-o<x<w
2
Find its m.g.f. Hence find the variance of the distribution.
Summary

We conclude this unit by summarizing what we have covered in it:-

1. Defined moments generating function (m.g.f.) for discrete and continuous
random variable.

2. Discussed moment generating function further.

3. Discussed in detail different properties of moment generating function

4. Discussed limitations of moment generating function.

5. Some examples are given related to each topic so that the contents be clarified
further.

Glossary:
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1. The moment generating function (m.g.f.) of the distribution of a random variable x
(if it exists), is given by the expected value of %, named by

M(t) = E (e%) = > €*f(x),
When x is discrete, and
Mx(t) = E (etx) = j e f (x)dx,

When X is continuous.

2. The m.g.f. of the sum of a number of independent random variables is equal to
the product of their respective moment generating functions.

9.7 Answers To Self-Check Exercise

Ans.1 Moment generating function (m.g.f.)

\ tk
:Mﬁy:ea—e)
k(1-¢€)
= k+1
P2
k?-1
12

Ans.2 Moment generating function (m.g.f.)

e =

pe
= M,(t) =
® 1-qe

1
Mean = ; (about origin) = —
P

Variance =y, = %

. : 1 ,
Ans.3 Moment generating function = 1 [t| <1 Variance = 2

9.8 References/Suggested Readings

1. Robert V. Hogg, Joseph w. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.
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2. Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

3. Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007.

9.9 Terminal Questions

1. A random variable x has density function given by
2e, x>0
X) =
&) { 0, x<0

Find (a) the moment generating function
(b) the first four moments about the origin

2. Let x is a Bernoulli Variate with parameter pi.e. Px=1)=p,P(x=0)=q; p,q>0
and p+q = 1.

Find moment generating function of x and hence find mean and variance.

be the p.d.f. of random variable x. Find m.g.f., mean and variance of x.
4, Find the r'™ moment of the distribution that has m.g.f.
M) =(1-1)3t<1
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Unit - 10

Cumulant Generating Function And Characteristic Function

Structure

10.1 Introduction

10.2 Learning Objectives

10.3 Cumulants And Cumulant Generating Function

10.4 Properties of Cumulants

10.5 Characteristic Function

10.6  Properties of Characteristic Function
Self-Check Exercise

10.7 Summary

10.8 Glossary

10.9 Answers to Self Check Exercises

10.10 Reference/Suggested Readings

10.11 Terminal Questions

10.1 Introduction

Cumulants are a set of statistical measures that characterize the shape of a probability
distribution. They are defined as the coefficients in the Taylor series expansion of the natural
logarithm of the Characteristic function. They provide a way to quantity the deviation of a
distribution from a normal distribution. The first cumulant is the mean, the second cumulant is
the variance, the third cumulant is the skewness and the fourth cumulant is the kurtosis. The
cumulant generating function is the natural logarithm of the characteristic function of a random
variable. Cumulants are often used in statistical inference, signal processing and time series
analysis. The eumulant generating function provides a concise way to characterize the entire
distribution of a random variable.

The Characteristic function is a powerful mathematical tool that plays a crucial role in
probability theory and its applications. It provides an alternative representation of the probability
distribution of the random variable X. It exists for any random variable X with a finite first
moment. The characteristic function uniquely determines the probability distribution of the
random variable X. The characteristic function is a continuous function of the parameter t.

10.2 Learning Objectives
After studying this unit, you should be able to:
. Define cumulant generating function

. Find the series expansion of cumulant generating function

135



. Discuss properties of cumulants

o Define characteristic function
. Find the series expansion of the characteristic function
o Discuss properties of characteristic function

10.3 Cumulants And Cumulant Generating Function
Definition: Cumulant generating function k(t) is defined as:
Ku(t) = 10ge My(t) = 1.[My(1)]
provided the right hand side can be expanded as a convergent series in powers of t.
Series Expansion:

2 r

t t
Ki(f) = Kit + K, —+....... +K,—+....... = log M(t
(t) =Ky 2|_2 r g My(t)

2 3 r
= log [1+,ullt+,u§tE+,u§tB+ ....... =t j

r

Where K, = coefficient of t—in K,(t) is called the '™ cumulant. Hence

r
Klt+KZE+Kag+ ......... +Kr&
:[;Lllt+,u;[;+y§g+ ....... +yr'%+ ....... ]—l(ﬂllt+,u;é+,u§g+ ....... T
+%(ﬂllt+/éé+ ....... js-%(yllt+yié+ ....... j4+ .......

comparing the coefficients of like powers of t on both sides, we get the relationship
between the moments and cumulants.

Hence, we have

1
Ki = #;=mean

K _ iy u'?
2 2 [2
Ka= 4y - 1 * = pp = variance
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ks _ma 1 2pu,

3 8 2" 2 3
K3=ﬂ§'3ﬂ;ﬂ11+2ﬂ113=H3

Ke _ub_ 1 (ﬂ§2+2ﬁéﬂ§]+13ﬁézﬂi s

Also — = —
|£f|i124 |§ 3 2 4

= Ke= -3 ° -4+ 12 Py -6

= (g -4y + 64 1y 2 =30 ") -3 (a2 2405 oy P+ g )

12

=w-3(4 - 14 %)
[ Ma= pty-Apgpy + 6405 44 °- 3 "]
=pa-34;
= s - 3k; [ pe =k
w=kys+3 k22
Hence, we obtained
Mean = k;
Variance =y, = ks
uz = ks
us=Kkqg+3 |(22
If we differentiate both sides of (1) w.r.t. t, 'r' times and then put t = 0, we get
dr

Kk =
at"

l\(X (t)

t=0
10.4 Properties of Cumulants
Property I: Additive Property of Cumulants

The r™ cumulant of the sum of the independent random variables is equal to the sum of
the r'™ cumulants of the individual variables. Symbolically,

K (X1 + X2 +........ + Xn) = K (X1) + Kk (X2) +....... + K; (Xn)
Where x; ;i =1,2,....., n are independent random variables.
Proof: Since x; is are independent, M, . ., ()= M, OM, (©) ....... M, (®)
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Taking logarithms of each side, we get

le+x2+ +X, (t) = le (t) + sz (t) o + Kxn (t)

Differentiating both sides w.r.t t 'r' times and putting t = 0, we get

d’ d' d’ dr
T K FXo it (t):| = T K (t) + ur sz (t) Fo ; K (t)
|:dt 8 " t=0 dt 5 t=0 dt t=0 dt " t=0
Kr (Xg + X2+ + X)) = Kr (X2) + K; (%) +....... + K (Xn)

which establishes the result

Property Il : Effect of change of origin and scale and Cumulants

If we take U = %a, then

at t
PRI

Ku(t) = log My(t) = - %t + KXH

Where kr1 and k, are ™ cumulants of U and X respectively.

Comparing Coefficients, we get

k= %and k= ::— (=23

Thus we see that except the first cumulant, all cumulants are independent of change of
origin. But the cumulants are not invariant of the change of scale as the r™ cumulant of U is

1
(Fj times the r'™ cumulant of the distribution of X.

10.5 Characteristic Function

Definition : Characteristic function is defined as

d«(t) = E ()
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[ € (x)dx (for continuous probability distribution)
> é*f(x) (for discrete probability distribution)

If F(xX) is the distribution function of a continuous random variable x, then

o0

o) = [ €"dF (%)

—00

Obviously ¢(t) is a complex valued function of real variable t. It may be noted that
|tx
< I e

:j f(ydx=1 ... 1)

—00

9(0)] = f(x)dx

T e™f (x)dx

itxl - 1/2

[o.o |e
= [(cos? tx + sin? tx)*?]* = 1]

|cos tx + i sin t x|

Since |¢ (t)] < 1, characteristic function ¢,(t) always exists.
Series Expansion of the Characteristic Function :

dx(t) = E (™)

—E{1+||tx+(|_) ...... +%Xr+ ........

=14 itE(K) + (ilt_z)z EOE) +.....t (‘lt_r)r E(X) +.....

=1+it oy +

(O (D
2 Myt r )7

Where ,urlz E (x), is the r'" moment of x about origin.

(it)’
r

;= coefficient of

in ().

Hence, like m.g.f., the characteristic function ¢(t) also generates moments
Rewriting (1), we get

=3

=0 I
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10.6 Properties of Characteristic Function

Property | : For all real t, we have

0

i) do9= I af(x)=1 (@) 16®I<1=¢(0)

—00

Property Il : ¢ (t) is continuous everywhere, i.e. ¢(t) is continuous function of t in (-0, ). Rather
¢(t) is uniformly continuous in 't".

Property 1l : ¢.(t) and ¢4(t) are conjugate functions,
i.e. dx(-t) = d«(), where @ is the complex conjugate of a.

Property IV : If the distribution function of a random variable x is symmetrical about zero i.e. if
1 - F(X) = F(-X) = f(-X) = f(X) then ¢.(t) is real valued and even function of t.

Proof: By definition, we have

)= | e*f(dx= [ €¥f(-y)dy

- [ & f(y)ay

[Putting x = -y]
[ fGy) = fy)]
= Ox(-1)
= d«(t) is an even function of t.
From property Il and equation (1), we get
ox() = ox(-0) = ¢,(1)

Hence ¢y(t) is a real valued and even function of t.

Property V : If x is some random variable with characteristic function ¢.(t) and if ,u,lz E(X)
exists, then

Loy [
:ur_(l) 8tr¢(t)

t=0
Proof : ¢(t) = Te”"f(x)dx

Differentiating (under the integral sign) 'r' times w.r.t. t, we have
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ar _ i U\ AltX
Eqﬁ(t) = £ (ix)".€™ f (x)dx

= (i) T x".€™f (x)dx

s—trrcé(t) g = (i) on' .e“Xf(x)dxt_O
= (i) Txrf(x)dx
=TE() =1 pf
Hence
S EA R PPN
t [,j a0 = 0|50

Property VI : o« (t) = ¢« (ct), c being a constant.

Property VII : If x; and x, are independent random variables, then
Dor, =0, 0 &, (1)

More generally, for n independent random variables
x,i=1,2,...,n, we have
P, Tt Xa ) =4, (1) S (1) ... ¢, (1)

Property VIII : Effect of change of origin and scale on characteristic function

IfU= %a’ a and h being constants, then

bu () = €™ g, H
h

In particular if we take a = E(x) = u (say) and h = o4 = o, then the characteristic function

X—E(X)  X-u

o, o

of the standard variate z =

, is given by

07 (1) = " . ¢, (ij

(o}
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Property IX : Necessary and sufficient conditions for a function ¢ (t) to be a Characteristic
Function.

¢(t) is a characteristic function if

(i) ¢(0)=1

(i) o@®=0(1

(iii) ¢ (t) is continuous

(iv) ¢ (t) is convexfort>0i.e.fortl, t2>0

(V) Lim¢ (t)=0
towo
Let us improve our understanding of these results f by looking at some of the following
examples :-
Example 1: If 4" is the r'™ moment about origin, prove that
Loy o Ki, where K; is the | cumulant
lur - Zl J—l lur—j ] ] J '
J:
Sol. : By definition

Ky (t) = In [Mx(1)]
Differentiating both sides of

2 3 r
= log {1+,ujt+y§té+y§t—+ ......... L, j

3

w.r.t. t, we get

t2 tl’*l
K1+K2t+K3—2+ .......... + K, Forrrrerenns
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2 r-1 t2 tr
K +Kt+K,—+..... +K F oo, 1+ (Mt + 14—+, +
= { r }{ H ﬂzlg #rl_r
lt 1t 1t2 ltr—l
=1+ + e S + F e
i i, ﬂsl_z H; r_1

Comparing the coefficients of
1 1 1 r-1 1 r-1) , r-1
He = Koo+ (F1) Ko gt + Ksthy 3+....... +K, = 0 He 1 Ko+ 1

1 r-1) r-1) .
M o Ky + ) M K+ +r Mo Ke

£ (e

Hence the required result

Example 2: Find the characteristic function of the random variable x whose probability density
function is given as

) = {ex , x>0

0, otherwise

and hence find mean and variance of X.
Sol. We know that

mm—j & f (x)dx= | € edx
0

- [ et = ed-iv [
| —a-in

= 0u(t) = (L -it)™

Now the r™ moment about origin can be obtained by

am=u%{(0 ¢m}

;am=4:p4wgaaﬂ
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_ . d N1
| cirga-in]

= | ([~ D] |=1

E(X)= #4,=1=Mean=1

Also E@%=£=P4V§;@®}

t=0

I N P
= | (D gz }

t=0

= (—Di%ﬁﬂr*ﬂ*]}

t=0

= :(—1) |:_2| (1_ it)73 (_I ):It:O}

(1) (2)=2

EQ) = pty =2
Variance =y, = 13- 4 °=2-(1)?=2-1=1

Example 3: Find the characteristic function of the random variable x having density function
given by

f(x) = {Za , | Xk a

0 , otherwise

Sol. The characteristic function is given by
m%:jwumx

=L [ @™dx
2a °,

LA
_fe
2a | iw |
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e -e™ sinaw
2iaw aw

using Euler's formula with 6 = aw.

Example 4: Find the density function f(x) corresponding to the characteristic function

oo It Itsl
o) = 0, |tp1

Sol. We know that

_ i K —itx
0= [ e

17
— | e™@-|t]dt
2 L

1l
B
Le—o

e "™ (L+t)dt + j e™(1-t)dt .. 1)
0

-tlfawes-(5) Haos(s )]
2 —IX X)) | —IX X" )],
2 G G ¢ —X —X —IX —IX

21 _x2 NG
1 (1-cosx

= — > , "0 < X < o0,
T X

Self Check Exercise
Q.1 What is the characteristic function of random variable x which takes values -1

and 1 with probability %
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10.7

10.8

10.9

Q.2 Find the characteristic function of the random variable having p.d.f. as f (x) =
ce=alx|,-o0 < X < o0, where a > 0, and c is a suitable constant.

Summary

We conclude this unit by summarizing what we have covered in it:-
Defined cumulant generating function.

Derived the series expansion of cumulant generating function.
Discussed and proved properties of cumulants.

Defined characteristic function.

Derived the series expansion of the characteristic function

Discussed in detail different properties of characteristic function.

N o g~ w NP

Some examples are given related to each topic so that the contents be clarified
further.

Glossary:
1. Cumulant generating function is defined as :
Kx (1) = 10ge My (t) = In [M ()]

provided the right hand side can be expanded as a convergent series in powers
of t.

2. characteristic function is defined as ¢y (t) = E (&™)

_[e“x f (x)dx (for continuous probability distribution)
"] 3€*f(x) (for discrete probability distribution)

Answer to Self Check Exercise

Ans.1 ¢y (t) = cost

2
Ans.2 E (e™) =

a® +t?

10.10 References/Suggested Readings

1. Robert V. Hogg, Joseph W. Mckean and Allen T. Craig, Introduction to
Mathematical Statistics, Pearson Education, Asia, 2007.

2. Irwin Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7th Ed., Pearson Education, Asia, 2006.

3. Sheldon Ross, Introduction to Probability Model, 9th Ed., Academic Press, Indian
Reprint, 2007

146



10.11 Terminal Questions

1.

Show that

e™ =1 + (eit -1) xb + (eit - 1)2 . X— + ..

+(e"- 1) +..... X
[r
where X" = x (x - 1) (X -2) ........ (x-r+1)
Hence show that
4 = D' ¢ (O]o, Where D= —2
r d(e")

and ' is the r' factorial moment.

Show that the characteristic function of Laplace distribution
1
f(x) = Ee-|x|, -0 < X< oo

1

is ¢x (t) = m

Find also the mean, the variance and mean deviation about the mean.
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Unit - 11

Binomial Distribution

Structure
11.1 Introduction
11.2 Learning Objectives
11.3 Discrete Uniform Distribution and its Properties
11.4 Bernoulli Random Variable
11.5 Binomial Distribution
Self Check Exercise-1
11.6 Mean and variance of Binomial Distribution
11.7 Moment Generating Function of Binomial Distribution
11.8 Moments
11.9 Mode of the Distribution
11.10 Standard Binomial Variate
Lelf Check Exercise - 2
11.11 Summary
11.12 Glossary
11.13 Answers to self check exercises
11.14 References/Suggested Readings
11.15 Terminal Questions
11.1  Introduction

Binomial distribution is a discrete probability distribution that describes the number of
successes in a fixed number of independent Bernoulli trials, where each trial can result in either
success or failure with a constant probability of success. In Binomial distribution (B. D.) the
number of trials, denoted as n, is fixed and known in advance. Here each trial is independent of
the others and has only two possible outcomes : success or failure. The probability of success
in each trial of B.D., denoted as p, is constant and does not change throughout the trials.

The binomial distribution used in a variety of realOworld scenarios. In manufacturing, the
binomial distribution can be used to model the number of defective items produced in a fixed
number of units inspected e.g. monitoring the number of defective light bulbs in a batch of 100
light bulbs produced. In medical research, the binomial distribution is used to model the number
of patients who experience a certain outcome (e.g. recovery, adverse effect) in a clinical trial
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with a fixed number of participants. When conducting surveys, the binomial distribution can be
used to model the number of respondents who answer a particular question in a certain way,
given a fixed sample size e.g. estimating the proportion of voters who support a particular
candidate in a few examples of the many real-world applications of the binomial distribution. The
key is that the situation involves a fixed number of independent trials, each with a constnat
probability of success or failure.

11.2 Learning Objectives:

After studying this unit, students will be able to:

. Define discrete uniform distribution.

o Discuss properties of discrete uniform distribution

o Define Bernoulli Variate and Bernoulli distribution.

° Discuss probability density function of Bernoulli distribution

° Discuss moments and moment generating function of a Bernoulli Variate.
. Define and discuss Binomial distribution

. Find the mean and Variance of Binomial distribution.

° Discuss moment generating function of Binomial distribution.

) Discuss moments, central moments and mode of binomial distribution.

o Define standard binomial Variate and able to discuss theorem related to it.

11.3 Discrete Uniform Distribution and Its Properties

A random variable x is said to have a discrete uniform distribution over the range [1, n] if
its probability mass function is expressed as:

0 otherwise

Here n is known as the parameter of the distribution and lies in the set of all positive
integers. The given distribution is also called a discrete rectangular distribution.

Such distributions can be conceived in practice of under the given experimental
conditions, the different values of the random variable becomes equally likely. Thus for a dice
experiment and for an experiment with a deck of cards such distribution is appropriate.

Properties:
18 n+1
i EX)=— ) X= ——
(i) 09= Z 5
E0C) = 1 Zn:xzz (n+1)(2n+1
n < 6
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i 2 ,  (n+D)(n-1
(i) V(X) = E(X9) - [E(X)]* = T

(iii) The moment generating function of X is :
1 n et(l_ent)
Mx(t) = E(e¥)= = ) e¥= = =1
<0 =EE) = — Z =)
11.4 Bernoulli Random Variable

A random variable X which takes two values 0 and 1, with probabilities q and p
respectively, i.e., P (X =1) = p, P(X =0) = q, where g = 1 - p is called a Bernoulli variate and is
said to have a Bernoulli distribution.

It is a discrete distribution and is usually written as X i B (1,p) so that

P(X=D=p
P(X=0)=qg=1-p =
whereO0< p<1
X P(X =x)
1 p
0 1-p

P.D.F of a Bernoulli Distribution

The p.d.f. of X can be written as

7(X)

A

P ¢

> X
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1-p, x=0
fxX) = p, x=1
0, dsawhwere

= {px(l_ p)l_xi X:0!1

0 ,  €sewhwere
_ px ql_X1 X = 0’1
0 , dsaewhwere
whereg =1 -p.

The graph of p.d.f. of Bernoulli's distribution is shown in the figure.

C.D.F. of a Bernoulli Distribution

f(X)
A

1T FS
qe ©

(T > X
O 1

The cumulative distribution function of Bernoulli's distribution is given by
F(X) = P(X <X)
When x <0, F(X)=P(X<0)-0,
When 0<x<1, F(X)=P(X=0)=q.
When x>1. F(X)=P(X=0)+P(X=1)
=g+p=1
0, for x<O
FX)=4 q, for 0<x<1
1 for x>1
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The graph c.d. f. F(x) is shown in figure.
Moments and Moment Generating Function of a Bernoulli Variate

The rth moment about origin is
f =EX)= Y X (P(X=r)=0rx(1-p)+1'xP=p,
wherer=1,2,3,4

4 =Mean=p .. (1)

M, =0 x(L-p)+xp=p
Hy =0x (1L-p)+txp=p

My =0*x(1-p)+1*xp=p

and so on.
Variance = 4, 4°=p-p*=(1-p)=pq [ q=1-p]
= ariance = pq

Ma= fg-3fly fy +2 "= p-3p.p+2p°=2p°-3p°+p
=p(p2-3p+1)
— ) 2 ‘4 _ 2 3 4
Ma= Hy-Apg py+ 61, 4" -3 =p-4p°+6p°-3p
The moment generating function about origin is

M) =E(@€)= ) € PX=x)=e®(1-p)+e’p=1-p+e'p

Mx®)=1+p(e'-1)=qg+pe| ... (2)
11.5 Binomial Distribution

Binomial distribution was discovered by James Bernoulli (1654 - 1705) in the year 1700
and was first published posthumously in 1713, (eight years after his death). Let a random
experiment be performed repeatedly and let the occurrence of an event in a trial be called a
success and its non-occurrence a failure. Consider a set of n independent. Bernoullian trials (n
being finite), in which the probability 'p’ of success in any trial is constant for each trial. Then g =
1 - p, is probability of failure in any trial.

The probability of x successes and consequently (n - x) failures in n independent trials,
in a specified order (say) SSFSFFFS......FSF (where S represents success and F failure) is
given by the compound probability theorem by the expression:

P (SSFSFFS........FSF) = P(S)P(S)P(F)P(S)P(F)P(F)P(F)P(S) x.......x P(F)P(S)P(F)



Z(P.P e to x factors) (q.q ...... to N—X factors) = p* g™

n
But x successes in n trials can occur in [x] ways and the probability for each of these

ways is p* q"*. Hence the probability of x successes in n trials in any order whatsoever is given
by the addition theorem of probability by the expression:

n X ~N-X
ML

The probability distribution of the number of successes, so obtained is called the

n
Binomial probability distribution, the probabilities of 0, 1, 2, ...... , N successes, i.e., ", (:J gn-1

Definition. A random variable X is said to have binomial distribution if it assumes only
non-negative values and its probability mass function is given by

n
g™ x=0,12,......,n;q=1—
PX = X) = p(xX) = {ijq x=0,1, n;q p

0 otherwise

The two independent constants n and p in the distribution are known as the parameters
of the distribution 'n' is also, sometimes, known as the degree of the binomial distribution.

Binomial distribution is a discrete distribution as X can take only the integral values, i.e.
0, 1, 2,....., n. Any variable which follows binomial distribution is known as binomial variate.

The probability p(x) is also sometimes denoted by b(x ; n, p) or f(x; n, p) or f(x).
Let us consider the following examples to clear the idea:-

Example 1: If, on the average, 1 ship in every 10 is sunk, find the chance that out of 5 ships
expected, 4 at least will arrive safely.

Sol. Let p be the probability that a vessel will arrive safely.

— 9 —

"0
g=1-p=1-09=0.1

Nown=5,p=0.9,g=0.1

Let X be the number of ships reaching safely.

p 0.9

The probability that out of 5 ships, x ships will arrive safely is

153



5
f(x) =b(x;5,0.9= (X) (0.9)(0.1)°*,x=0,1,2,3,4,5

Required probability = P(X > 4)
:P(X:4)+P(X=5)
= f(4) + f(5)

_50940 5095
- |, |09 01+ | |09

5 5
= [J (0.9)* + 1(0.9)° = 1" (0.9)* + 1 x (0.9)°

=(0.9)*[5 + 0.9] = (0.9)* (5.9) = (5.9) (0.9)*

Example 2: From a lot containing 20 items, five of which are defective, four items are drawn
with replacement. What is the probability of getting.

(@ exactly one defective item?
(i) at least one defective item?

Sol. Let X be the random variable denoting the number of defective items drawn. Then the
possible values of X are 0, 1, 2, 3, 4

Let p be the probability of defective item drawn.

5 1
P20 4
and q=1—p=1—1=§
4 4
Now n=4,p=1,q=§
4 4

1
JO) =b(x;n,p)=(x; 4 Z)

[T

(1) Probability of getting exactly one defective item
P(X=1)= /(1)
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JEE

4 1 27
= —X —XxX —
1 4 64
_ 27
64

(i) Probability of getting at least one defective item = P(X > 1)
=PX=1)+PX=2)+PX=3)+P(X=4)
= f() + f(2) + f(3) + f(4)
=1-(0)

SHIRIG

=1-xx1x

256

15
- 256

Example 3: If m things are distributed among 'a’ men and 'b' women. Find the chance that the
number of things received by men is odd.

a
Sol. Probability that the man gets a thing = —a b = p. Probability that the woman gets a thing =
+

b
——~=q Probability that r things are received by men = P(r) = m, p g™
a+b

Since men are to receive odd number of things i.e. 1 or 3 or 5 or....., there required
probability is = P(1) + P(3) + P(5) +........

=m, p.g™+ m, p* g™+ m, p° g™t

%{(mq)m—(q— )"} { p+q=1andq—p=ﬁ}

a+b
1 _ m
1), (b-a
2 a+b
Example 4: A pair of dice is thrown 4 times. If a doublet is considered a success, find the
probability of 2 successes.
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Sol. Here a pair of dice is thrown 4 times.
n=4
Let p be the probability that doublet is obtained.
p=P{(1.1), (2,2), (3,3), (4,4), (5,5), (6.6)}
6 1
" 36 6

and =1 —1—1—
q p 6

oo

5 2 1 2
Required probability = P(2) = 402 (Ej (Ej

4x3 25 1

X — X ——

1x2 36 36
25

216

Example 5: A coin is tossed 5 times. What is the probability that head appears an odd number
of times?

Sol. Here a coin is tossed 5 times.
n=5

1
p = P (head in one toss) = >

nd 1 1 1.1
a = - = = — = —
q p )
Now P (head appearing odd number of times)

=P(r=1, 3,0r5)
=P(1) + P(3) + P(5)

ll 15—1 13 15—3 10 15
=5 | = Z]l +5 |=||=| +5 |= =
3G = GG =G G
5 1 1 5x4x3 1
==X -—x =+ X —
1 16 2 1x2x3 4

1
— (5+10+1)
32
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16 1

32 2

Example 6: There are 5 percent defective items in a large bulk of items. What is the probability
that a sample of 10 items will include not more than one defective item?

5 1
Sol. Here p=—=—,
100 20
=1-p=1 i_E
4=27P=27 % T 20
and n=10

Now Required probability = P(no defective) +P (1 defective)
10 9 1
=) ol ()
20 20 20
19Y° 10 (19) 1
=1x|— — x| — | x —
20 1 20 20
{19 10}
20 20
° L2
20 20

Example 7: Fire cards are drawn successively with replacement from a well shuffled deck of 52
cards. What is the probability that

= 10,

(a) all the five cards are spades?

(b) only three cards are spades?

(© none is spade?
Sol. Here p = P(spade) = E = 1
52 4
g=1-p=1->=>,
4 4

and n=5
(@) (5 spades) = 5. (ljsz 1x 1 = 1

4 1024 1024
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3 2
(b) P (3 spades) = 5, (%j (é) =5, x i X 3

4 64 16
5x4 1 9 45
= X — _ = —
1x2 64 16 512
(c) P (none is spade) = P(0) = 5 3) 1 243
= = J— ey X —
P “\4 1024
243
- 1024

Example 8: A pair of dice is thrown 7 times. If getting a total of 7 is considered a success, what
is the probability of

(a) no success? (b) 6 successes?
(© at least 6 successes? (d) at the most 6 successes?
Sol. Heren=7
Let p be the probability of getting a total of 7.
3 1

ngzg

1 5
and gq=1-— =~
6 6

0 7-0
(@ P (nosuccess)=P(0)= 7, (%J (gj

1 6 7-6
(b) P (6 successes) = P(6) = 7 (Ej (_j

6
7 5 (1)
== X = xX|=
1 6 \6

(c) P (at least 6 successes) = P(6) + P(7)
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(d) P (at the most 6 successes) = P (not 7 success)
=1-P(7)

o g
fl

Example 9: The probability that a bulb produced by a factory will fuse after 150 days of use is
0.05. Find the probability that out of 5 such bulbs.
(a) none (b) not more than one

(© more than one (d) at least one
will fuse after 150 days of use.

Sol. Here

5 1
p=005= — = —,

100 ~ 20
qg=1-p=1-— ==
20 ~ 20
and n=5

(@) P (none will fuse after 150 days)

1 0 19 5-0
-P0=5 ) (30)
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5 5
=1x E x 1= E
20 20

(b) P (not more than one bulb will fuse after 150 days)
= P(0) + P(1)

0 5-0 1 5-1
=) (3 (53
20) \ 20 20) \ 20
19y 5 1 [(19)
=1x|—| + = x —x|—
20) 1 20 (20
9“[&3}_ Loy 2
20) |20 20 20) 20
_ 6 (19
5 (20

(© P(more than one bulb will fuse after 150 days)
=1-[PO) +P(1)]
6(19)
=1-—-|— - of (b
= (20) [ (b)]
(d) P (at least one bulb will fuse after 150 days)

_ . (19Y .
—1—P(O)—1—(20j [+ of (a)]

Self Check Exercise-1

Q.1 A box contains 100 tickets each bearing one of the numbers from 1 to 100. If 5
tickets are drawn successively with replacement from the box, find the probability
that all the tickets bear numbers divisible by 10.

Q.2 In a family of five children, what is the probability that there will be exactly two
boys, assuming that the sexes are equally likely?

1
Q.3  The probability of a man hitting a target is 2 He fires 7 times. What is the

probability of his hitting at least twice the target?

Q.4 A bag contains 5 white, 7 red and 8 black balls. If four balls are drawn one by
one with replacement, what is the probability that

(1) none is white? (ii) all are white?
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(iii) only 2 are white? (iv) at least one is white?
11.6 Mean and Variance of Binomial Distribution

Let X be the random variable of the binomial

x=0
n n n n
=0. (Oj p’ " + 1.(1j p' g™t + 2. [ZJ p? g™ +......+ n. (nj p" q°
_ nn-1 , . n(n-H(n-2) , .
=0+nq"t+2 ——=p?g"?+3 ————p*q" +.....+ np"
nd 12 P4 123 ° P
=np {q“jt (n-1)pg™? +—(n—11)(2n—2) P2q"% et p“}
=np [q”‘l +"VCpgt "GP e, +m Hp“‘lj
=np(+p" [ p+q=1]
=np (@)™
=np(1)=np
p=np

Variance = E(X -p)°
= E(X?) - [E(X))°

=Y RE)-u’= Y [x+ x(x-1).© 0%, g - |12

x=0
n n
:z X.ncxpan—x_'_z X(X_l)ncxpan—x_uz
x=0 x=0

=np+21°"C,p*q"t+3.2"Csp3qTi+........ +n(n-1)p"-p?
n(n-1) N
p*q™?
1x2

=np+2x1x
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n(n-1H(n-2)
* 1x2x3
=np+nn-1)p*[g"*+(n-2)q"p+...+p"7-
=np+n(n-1)p*[g"%+"%CLq"3p +..coot "2Cpp pTY - 1
=np+n(n-1)p*(@q+p"-

+3x2

=np+(n*-n)p*(1)"2- [ p+a=1]
=n p + (n- n) p* - (n p)® [- w=np]
=np+n’p’-np’-n’p’=np-np’=np(l-p)
Variance =npq [ g=1+p]

11.7 Moment Generating Function of Binomial Distribution
M,(t) = E(e™), where t is real

— 5 etX n X ~N-X
= o X P q
etX n (pet)x qn-x
" X

[ e+ | @y o+ || perar et || ey
0 . o |+ i

=(q + pe)"
11.8 Moments
The first four moments about origin of binomial distribution are obtained as follows:

n n no(n-1
' :EX — X X X — Xx-1 n-X
Wi =EX) =) (ij q=np ) (X_Jp q

x=0 x=0

M-

i
o

=np@+p)"t=np@)*t=np

n n
o= E(X%) = x° [xj p g™

x=0

- n(n_l) n-2 X ~N-X
;{X(X_l)”} X(x-1) [x—ij a

0, (n-2
n(n- 1) p{z [2—2) pxzq”} np

x=0
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=n(n-1)p*@@+p)"*+np=n(n-1)p’+np

n n
Wa= EQC) = ) Xe( Xj P g™

x=0

= Zn:{ X(X=1D)(X—2)+3X(X=1) + x} p* g™

x=0
3 C n_3 X-3 ~N-X
=n(n-1)(n-2)p° ), [X_?Jp q

no(n-2
+3n(n—1)p22 [X jpx‘zq”‘x+np

x=0
=n(n-1)(n-2)p>(@+p)"°+3n(n-1)p*(@+p)“+np
=n(n-1)(n-2)p*+3n(n-1)p’+np
Similarly
x*=x (x-1) (x-2) (x-3)+6x (X -1) (x-2)+ 7x (x- 1) +x
(Letx* = AX (x-1) (x-2) (x-3) +Bx (x -1) (x-2) +Cx (x 1) + X

By giving to x the values 1, 2 and 3 respectively, we find the values of arbitrary constant
A, B and C]

n n
We=E(XY) = ) X“[ jpx g™
x=0 X
=n(n-1)(n-2)(n-3)p*+6n(n-1)(n-2)p°+7n(n-1)p°’+np
Central Moments of Binomial Distribution

Me= g - 4y C =P pP-np’+np-nPp*=np(l-p)=npgq

Ms= fg'-3 fly i+ 2 1y °
={n(n-1)(n-2)p*+3n(n-1)p*+np}-3{n(n-1)p°+p}np+2(np)’
=np [- 3np? + 3np + 2p*- 3p + 1 - 3npq]
=np [3np (1 - p) +2p”- 3p + 1 - 3npq]
=np [2p?-3p + 1] =np (2p* - 2p + Q)
=npq (1 - 2p)
npq (g + p - 2p)
npq (q - n)
o= My -dpgpy + 6y % gy *-3u "
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=npq [1+ 3 (n-2) pq]

Now
B = 5 nPpPqP(-p)? _ (9-p)? _ (1-2p)°
1= 137 3.3 3 - -
sy n°p°q npq npq
b= 4 o npaf1+3(x-2) pq
T n’p’q’
_1+3(x-2)pg _ 34 1-6pq
npq npq
- 1-2 1-6
V, = p_ pV2=l32'3= pq

q
By = = ,
" Jnpg \/npg npq
11.9 Mode of the Distribution

Let random variable x has a discrete distribution for which the probability function is f(x),
then the value of x for which f(x) is maximum is called the mode of the distribution. If same
maximum value of x is attained at more than one value of x, then all such values of x are called
modes of the distribution.

Mode of Binomial Distribution
Suppose that the mode of the binomial distribution lies at X =r.
PX=r-1)<PX=nN>PX=r+1)

i.e. nCP1 pr-l qn-r+1S ncr pr qn-r2 ncm pr+1 qn-r-l
|e m pl‘—l qn—r+l< m pr qn—r> |£l pr+1 qn—r—l
o r-1jn-r+1 ~r[n-=r T r+l|n-r-1
r n—r
ie. P <1> P ..(1)
n-r+1 g r+1 q
r
Now q <1
n-r+l1 p
= rq<np-pr+p
=  (p*rqr=s(n+1)p
= r<np+p L. (2)
n—r
Also 1> P
r+1 q
= rq+qz=np-pr
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= (p+a)r>np-q
= r>np-9 3)
From (1), (2), (3), we get
(n+1)p-1<r<(n+1)p
Now two cases arise:-
Case I:- (n + 1) p = k, where k is an integer
there are two modes and the distribution is said to be Bimodal.
Two modes are at points np-gand np +p
Case ll:- (n + 1) p=k + f, where k is an integer and f is a proper fraction.
x=k=[(n+1)p]=[np+p]
Where [np + p] mean greatest integer < (np + p)
11.10 Standard Binomial Variate

Let a random variable X have binomial distribution with mean np and variance npg. Then
X—-np

npq
called standard binomial variate.

the random variable > = having binomial distribution with mean 0 and variance 1 is

Theorem:- If a random variable X has binomial distribution with mean np and variance npq;
X —-np

\NPq

prove that the random variable Z defined by > = has a binomial variate with mean 0

and variance 1.

X —-np

Nipse
E(2)=E (X_an
vhpq
1

= E (X-np) [+ E(ax)=aE(X)]

VALY

=1 [Ex)-npE )

\Vnpq

1
= [np - np (1)] [ E(X)=np, E(1)=1]
npg

Proof: Here Z =
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1 1
= ——=(0p-np)= —— (0)
A/ Npq \/npq
E(Z)=0
Meanof Zis O

X — np]
\Npa
1
= Var (X - np) [+ Var (aX) = a® Var(X)]
vhpq
= L Var (X) [ Var (X + a) = Var (X)]

VNP

1
= —— npg= 1
npq

Variance of Zis 1

Var (Z) = Var {

Let us improve our understanding of these results by looking at some of the following
examples:-

4
Example 10: The mean and variance of a binomial distribution are 4 and 5 respectively. Find

P(X>1)
Sol. We have
np=4 e (1)
and npq-= ﬂ ..(2)
3
Dividing (2) by (1), we get
1
73
p=l-q=1- =~
3 3

2
from (1), n(g) =4

n==6
NowP(X>1)=1-P(X=0)=1-q"
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1 728

729 ~ 729

9
2 1
Example 11: The m.g.f. of a random vairable X is (§+§etj . Show that

5 9 X 9-x
seenanene ()2

Sol. We have

9
M(t) = (%%e‘] = (q + pe)"

u=np=9><}=3
3
02=npq=9><—><z=2
3

W-26=3-242=3-2x14=3-28=02

and p+206=3+242=3+2x14=3+28=58
P(u-20<x<p+205)=p(0.2<X<5.38)
=P(1<X<5)

5o (5

Example 12: If X 11 B (n, p), show that
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2
n n n n n

Sol. Since X 1 B (n, p), E(X) =np
and Var (X) = npq

Exj 1 1
El—|=—-EX)=—.np=p
n n n

Var (Zj = iz Var (X) = M D
n n n

2 2
() E(E— pj -E [E— EGH = Var GJ - % [From (1)

(i) Using Cov (X, Y)=E[X-E X)][Y = E(Y)]

con [£.22] - {2 e[} {2 224] ]
=)
S|

o))

(s

()

pg
n

3I><

3I><

{
o
(

Example 13: Bring out the fallacy, if any, in the statement:
"The mean of a binomial distribution is 5 and its variance is 9".
Sol. Mean =5
np=>5
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Variance =5
mpg =9 (1)
Dividing (2) by (1), we get

q=§

This is not possibleas0<g<1
The given statement is wrong
Example 14: Determine the binomial distribution whose mean is 9 and whose standard

.. 3
deviation is —.
2

3
Sol. Now mean=9, S.D. = E

np=9 ... Q)
and  \/npq =§

npq =

N|©
~
N
Nt

Dividing (2) by (1), we get

OI=Z

=1 =1 1—§
p=1-g= =

4
Putting value of p in (1), we get
3
n—=9
4
4
= n=9x — =12
3
n=12

12
Binomial distribution is f + E
3 4
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1
Example 15: Compute the mode of a binomial distribution b(7'§j
. o 1
Sol. Binomial distribution is b 7,5

n=7 p—1
)

q=1-p=1-3 ="
2 2
Let 'r' be the mode of the binomial distribution. We know that
np+tp-1l<r<np+p
Now np+p=7(l)+lzz+1=§=4
2 2 2 2 2
and np+p-1=4-1=3
from (1),
3<r<4

r=3or4

8
Example 16: The m.qg.f. of binomial variate about origin was found to be (g+%etj , Find

0] Mean, S.D. and coefficient of variation
(i) Mode
(iii) P(X=3)

Sol. We know that if X U B (n, p), then its moment generating function is
Mx() = (g + pe)"

(3 1.,Y
Comparing with Z+Ze , we have

(1) Now, mean=np=8xz =2
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. 1 3 3
Variance =npg=8x — x — = —
4 4 2
sp.= |2
2
3
and coefficient of variation = 72 =0.612

(ii)

(iii)

3
The mode is givenby (n + 1) = (8 + 1) x 2

3 27
=9x — = — =6.75
4 4
which is not an integer
The only mode = Integer partof (n+1)q=6

Mode = 6

1Y (3Y)
By definition P(x = 3) = 8_ (Zj (Z) =0.2076

Self-Check Exercise-2

11.11

Q.1 In eight throws of a die, 5 or 6 is considered a success. Find the mean number of
success and its standard deviation.

Q.2  Find the binomial distribution whose mean is 10 and standard deviation 2\/5.

Q.3  If Xis binomially distributed with parameters n and p. Find m.g.f. of Y =n - X.

Summary:

We conclude this unit by summarizing what

1.
2.

© N o 0 »~ W

We have covered in it :

Defined Bernoulli variate and Bernoulli distribution. Discussed probability density
function of Bernoulli distribution.

Discussed in detail the moments and m.g.f. of a Bernoulli variate.
Defined and discussed in detail Binomial distribution.

Find the mean and variance of Binomial distribution.

Discussed m.g.f. of Binomial distribution

Discussed moments, central moments and mode of Binomial distribution.

Defined standard binomial variate and prove a theorem related to it.
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9. Did some examples related to each topic so that the contents be clarified further.
11.12 Glossary:

1. A random variable X is said to have a discrete uniform distribution over the range
[1, n] if its probability mass function is expressed as:

=~ forx=12,.....,n
P(X=x)=1n
O otheresiwe
2. A random variable X which takes two values 0 and 1, with probabilities g and p

respectively, i.e. P(X =1) = p, P(X =0) =g where g =1 - p is a Bernoulli variate
and is said to have a Bernoulli distribution.

3. A random variable X is said to have Binomial distribution if it assumes only non-
negative values and its probability mass function is given by

n
g™, X=0,1,..... q =1-
PX =) = () = (X]pg X=01,....nq=1-p

0 otheresiwe

The two independent constants n and p in the distribution are known as the
parameters of the distribution

4, Let a random variable X have binomial distribution with mean np and variance
X —-np

\vhpq

mean 0 and variance 1 is called standard binomial variate.
11.13 Answer to Self Check Exercise
Self-Check Exercise-1

1 5
Ans.1 | —
%)

npg. Then the random variable Z = having binomial distribution with

5
Ans.2 —
16
4547
Ans.3 ——
8192
Ans.4 (i) ﬂ (i) i
' 256 256
(iii) E (iv) %
128 256
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Self-Check Exercise-2

11.14

11.15

16 L 4
Ans.1 Mean: 3 and standard deviation: §

4 1\”°
Ans.2 Binomial distribution is (g+gj

Ans.3 Y=(n-x)-(n,q)

References/Suggested Readings

1.

Robert V. Hogg, Joseph W. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.

Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9™ Ed., Academic Press, Indian
Reprint, 2007.

Terminal Questions

1.

With the usual notation, find p for a binomial variate X, if
n=6and 9P (x=4) =P(x = 2)

A bag contains 10 balls each marked with one of the digits 0 to 9. If four balls are
drawn successively with replacement from the bag, what is the probability that
none is marked with the digit 0?

A coin is tossed 5 times. What is the probability that head appears:
0] an even number of times
(ii) an odd number of times

(You may regard 0 as an even number).

A and B play a game in which their chances of winning are in the ratio 3:2. Find
A's chance of winning at least three games out of the five games played.

Comment on the following:
"The mean of a binomial distribution is 3 and variance is 4".

If a random variable X follows binomial distribution with parameters n and p,
prove that

1
P(X=even) = S [1+(a- P)]

Determine the binomial distribution for which mean is 4 and variance 3 and also
find its mode.
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8. Obtain the m.g.f. of Binomial distribution with n =7, p = 0.6. find the first three
moments of the distribution.
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Unit - 12

Poisson Distribution

Structure

12.1 Introduction

12.2 Learning Objectives

12.3  Derivation of Poisson Distribution From Binomial Distribution
Self-Check Exercise-1

12.4 Mean And Variance of Poisson Distribution

12.5 Moment Generating Function of Poisson Distribution

12.6 Moments of the Poisson Distribution

12.7 Mode of Poisson Distribution

12.8 Property of the Poisson Distribution
Self-Check Exercise-2

12.9 Summary

12.10 Glossary

12.11 Answers to self check exercises

12.12 References/Suggested Readings

12.13 Terminal Questions

12.1 Introduction

Poisson distribution was discovered by the French Mathematician and physicist. Simeon
Denis Poisson (1781 - 1840) who published it in 1837. The Poisson distribution is a discrete
distribution that is used to model the number of events occurring in a fixed interval of time or
space, when the events occur with a known constant mean rate and independently of the time
since the last event. It assumes that the events occur independently of each other, meaning the
occurrence of one event does not affect the probability of another event occurring. Poisson
distribution is a limiting case of the binomial distribution under the following conditions:

() n, the number of trials is very large i.e. n —
(i) p, the constant probability of success for each trial, is indefinitely small i.e.p — 0
(iii) np = A, say is finite.

Poisson distribution is used to model the arrival of customers or requests in queuing
system, such as call centers, traffic flow, and computer networks. It can also be used to model
the number of claims or events in insurance and finance, such as the number of insurance
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claims in a given period or the number of defaults in a portfolio of loans. Some instances where
Poisson distribution may be successfully employed are : Number of deaths from a disease such
as heart attack or cancer in a large city; Number of suicides reported in a particular city; Number
of printing mistakes at each page of the book, Number of defective material in a packing
manufactured by a good concern etc.

12.2 Learning Objectives
After reading this unit, you should be able to:

o Define Poisson distribution

. Derive Poisson distribution from Binomial distribution

. Find the mean and variance of Poisson distribution

o Find the m.g.f., moments and mode of Poisson distribution
° Discuss property of Poisson distribution

12.3 Derivation of Poisson Distribution From Binomial Distribution
Poisson Distribution - Def.

A random variable X is said to have a Poisson distribution with parameter 2, if its
probability function is given by

—1 14X

X

Here XA is known as the parameter of the distribution.

fX)=f(x; L) =P(X=x)= ,X=0,1,2,..,x>0 (1)

Note 1. m, instead of A, is also sometimes taken as the parameter of the distribution.

Y eflllx
Note 2. Sum of probabilities = Y

x=0 |l(

Derivation of Poisson Distribution from Binomial Distribution

In the Binomial distribution, the probability of x successes is given by
f(x)="C"p*q™
n

= Xln-x p*(1-p)™ [ g=1-p]
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n(n-)(n-2).....(n—x+1)[n—x

) Xln-x (L p”
_n(n-Y(n-2)....(n—x+1 (ijx (1_£]n—x
i [n—x n n

_ nn-9(n-2)...(n-x+1) A’ (1_i)n x
= > . :

_ n(n-1)(n-2)....(n—x+1) (l —jn <

= R : :

() e
oo Y22

Letn — o

1 2 x-1 -
eachof 1-—, 1——,...... 1-—, (1—1] — 1
n n n

o (w2 (2| o [raale -

ﬂ/x
F)=(@)(1-0)(L-0)(1-0).....(1-0)e™ (1) —

|

—1 14X

X

The following examples will illustrate the idea more clearly:

or  f(x)=

Example 1: If a bank receives on the average 6 bad cheques per day, what is the probability
that it will receive four bad cheques on any given day.

(Use e® = 0.0025)
Sol. Here A, =6
Required probability = P(X = 4) = f(4)
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_J 1o\ —1 X
_€ (6) ‘.‘f(X)ze A
14 X
6x6x6x6
(0.0025) x ———— = (0.0025) x 54 = .135
4x3x2x1

Example 2: Find the probability that at the most 5 defective fuses will be found in a box of 200
fuses, if experience shows that 2% of such fuses are defective.

(e™ =0.0183)
Sol. We have

2
n=200,p = =002

2
A-np=200x — =4
P 100
5
Probability that at the most 5 defective fuses are found = P(X < 5) = Z f(x)

x=0

B 2 2
=e* 1+4+8+3—+3—+@
3 3 15

= (0.0183) (%J =0.785
15

Example 3: A car fire firm has cars which it hires out by the day. The number of demands for a
car on each day is distributed as a Poisson distribution with mean equal to 2. Calculate the
proportion of days on which none of the cars is used, and proportion of days on which some
demand is refused.

Sol. Let X denote the number of demand for a car on each day.
It is given that X is a Poisson variate with mean A = 2

Therefore, its probability distribution is given by

X A2

P(X=x)=
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Proportion of days on which none of the cars is used = Probability that there was no
demand for a car

=P (X=0)
2°¢? 1
= —e“= —
|0 e’

Also, Proportion of days when some demand is refused = Probability that there were
more than 3 demands for cars

(v the firm has only 3 cars)

=1 - [Probability that the demand was for either no car or one car or two cars or for three
cars]

=1-[P(X =0)+ P(X = 1) + P(X = 2) + P(X = 3)]
1. 2°e? . 2.e? . 2%.e? . 2’e?
) o B 2

eef
3

19
3e?

Example 4: Assuming the probability that a bomb dropped from an airplane will strike a certain

=1

1
target is g If 6 bombs are dropped, find the probability that at least 2 will strike the target.
[Use e™? = 0.3012]

,h=6

gl

Sol. Here p =

1
m=np=6x —=1.2
5
Probability that at least 2 will strike
=1-[P(0) + P(2)]

@20 e @2y e}

0 1
=1-e™[1+1.2]
=1-(0.3012) (2.2)
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=1-0.6626
=0.3374

Example 5: A typist on the average makes three errors per page. What is the probability of
typing a page

0] with no errors?

(i) with at least two errors?
Sol. Here m=3

0 X
(i) P (No error) = Qe'3 { P(X) = m em}
[x

0

1
= 1 x (0.04979) = 0.04979

(i) P (at least two errors) = P(2) + P(3)
=1-[P(0) + P(1)]
=1-[0.04979 + 3 (0.04979)]
=1-0.19916 = 0.80084

Example 6: Assume that the probability of an individual coal-miner being killed in a mine

accident during a year is Using Poisson distribution, calculate the probability that in a

2400
mine employing 200 miners there will be at least one total accident in a year.
1
Sol. Here p= ,h =200
2400
1
m = np = 200 x = —=0.083
2400 12
X A—M
Now P(x) =
) x
0.083)°
P(O) — ( ) e—0.083 - e—0.083 =0.92
0
P (at least one total accident) = 1 - P (no total accident)
=1-P(0)
=1-0.92
=0.08
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Self-Check Exercise-1

12.4

Q.1 Six coins are tossed 6400 times. Using the Poisson distribution, find the
approximate probability of getting six heads r times.

Q.2 If arandom variable X has a Poisson distribution such that P(X = 1) = P(X = 2),
then compute P(X = 4)

Q.3 If 5% of the electric bulbs manufactured be a company are defective, use
Poisson distribution to find the probability that in a sample of 100 bulbs:-

(@) none is defective
(b) 5 bulbs will be defective
(use e® = 0.007)
Mean and Variance of Poisson Distribution

0 e—ﬂ./flx
Mean = E(X) = X
© lx—l /1 12 2’3 ]
=)\ =ret |1+ =+ + ...
2 [ INPRE

=ret(e)=re’=2

mean of Poisson distribution is A.
Variance = E(X - p)?

= E(X%) - [EX))?

0

— 2 S22 = N -1
;Xf(X) ;)[x(x ) +x] X

x

x=0 X=2
2 3
=)\ et 1+£+/1—+—+ ...... A- A2
1 [2 |3
=22et () + -2
=M+ A-AT =
Variance = A
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Note : Mean and Variance are equal.
12.5 Moment Generating Function of Poisson Distribution
We have

My(t) = E(e")

—z e‘xf(xzz et

x=0

—&/f{x

_ay €)' L 1) (€)? (4e)’
—e;B—e{l+|_l+|_2+|§+}

=e” (e“’t ) =g = (e'-1)
12.6 Moments of the Poisson Distribution

m=EX) =Y, X f(x, %)

Hence the mean of the Poisson distribution is A.

0 0 —1 17X
H=EQ) =Y X f(x, )= D {x(x-1)+x)
x=0 x=0 |l(
w0 0 —ﬂ./lx
=e" D x(x- 1)—+Z X
x=0 X=
2 S lX—Z 2 Ah QM 2
A2 e-h LE; IX;JM_A et et +a=A7+
0 0 SRS
H=EQC)= 3, ¢ f(x )= D {x(x-1) (x-2) +3x(x-1) +x) X

0 —11X 0 —ﬂ X 0 —l X
=Z X(x-1) (x-2) e 4 +3Z X(x - 1) /1 +Z X /1
x=0 |l( x=0

X=
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0 Z/X73 © lX72
=e’ ) +3e™ )’ +

=e* et +3e? e+ A=A +3 A2+
= EOXY =D x* f(x, A)
x=0

—1 91X

x=0 |l(

_ e-}\ )\‘4 i ﬂ/x_‘l ‘e e_x 7\‘3 0 AX—S
=4 [X— 4 x=3 | X— 3

=ate*e)+613 (e e)+7r (e e)+a= At +6 A3+ T AR+
Now pp = g4°= (A2 + 1) - A2 =2
Thus the mean and the variance of the Poisson distribution are each equal to A
M= fhg- 3 Hp+ 2 4
=P +32+0) -3+ + 23 =
Mo = Hy- A o+ 641y 2= 31"
S+ B+ TAZ+A) - 4L (A3 + 302+ L) + 6A2 (A2 +A) - 30!
=307+ A

Co-efficient of skewness and kurtosis are given by

2 2
Myt AT 1 1
= —=-=""=—andyl= B =—=
Bl ﬂ23 13 /1 Y ﬂl \/z
My 1 1
Also =4 =3+ —andv,=B,-3=—
P /122 A V2= P A

Hence the Poisson distribution is alwyas a skewed distribution
Proceeding to the limit as A — oo, we get
B;=0andpB,=3
12.7 Mode of Poisson Distribution
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We know that the mode is that value of x for which P(X = x) is greater than the P(X = x +
1) and also P(X = x - 1). If x is the mode of Poisson distribution, then

P(x-1)<P(x)>P(x+1)

e—/l/lx—l e—/l/ftx e—/l/»ix+l

i.e. < >
x=1 = |[x ~ |x+1
e—ﬂﬂx—l e—ﬂ/lx e—ﬂ/lx e—ﬂﬂ)ﬁl
= < or >
x-1 = |x Ix ~ |[x+1
A A
= 1<—or 1> —
X X+1
i.e. X<A or xX>A-1

Thus, if X is an integer, then both x - 1 and x represent modes.
And if x is not an integer, then mode is the integral value between A - 1 and A.
12.8 Property of the Poisson Distribution

If X; and X, be independent variates having Poisson distribution with means i, and 2,
respectively, then their sum X; + X, is again a Poisson variate with mean A, + A,.

Proof: Let My(t), My(t) and M(t) be the moment generating functions of the variates X;, X,, and
X1 + X, respectively.

Then, My(t) = exp {1, (e'- 1)}

My(t) = exp {A, (€' - 1)}
Now, the moment generating function of X; + X, is given by
M(t) = My (t) x Ma(t)

=exp {L (e'- 1)} exp {, (€' - 1)}

=exp {A (e'-1) + 24, (e'- 1)}

= exp {(M + 1o)€' - (A + A2)}

= exp [(\ + o) {e' - 1]

Which we know is the moment generating function of a Poisson distribution having mean
A+ Ao

Hence the result

Dear students let us improve our understanding of these results by looking at some
following examples:-

Example 7:- If X is a Poisson variate such that P(X = 1) = 2 P(X = 2), find
0] P(X=0) (i) E(X)  (iii) V(X)
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Sol. Here
PX=1)=2P(X=2)

— 1 —1 12
. e .zzz(e zj

1 2

el e ' A’
= = 2X

1 2

L=A% = A2-a=0 = AL-1)=0
= 1=0,1

r=1 [ A>0]
(i) P(X=0)= €A _ 1.1

S0 1 e

(i) Now E(X) =Mean=A =1
(iii) VX)=A=1

Example 8: Find the m.g.f. about mean of the Poisson distribution and from it derive the first
four moments about the mean.

Sol. Let X be a Poisson variate with mean X, then the m.g.f. of X about A is
My (1) = ™ My(t)

Where M,(t) is the m.g.f. of X about the origin

2(e'-1)
But M) ="°

M (t) = e™e” (e'- 1)

=et(e'-1-1)
2 '[3 N tz t3 t4
1+pt+ —+ — 4. =e" | —+—+—+......
M1 M2 M3|§ [LZ |§ |ﬁ1 j

:l+l[ﬁ+i+ﬁ+ ...... j+ﬁ(ﬁ+ﬁ+ ...... J+ ......
2 3 |4 2\[2 [3

2 '[3 t4
Equating coefficient of t, —, —, —, ........ , we get
q g 2 |_3 4 g
m=0
H2 = A
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Hz = A
s = A+ 307
Example 9: Show that in a Poisson distribution with unit mean, the mean deviation about its

2
mean is — times the standard deviation.
e

Sol. Let X be a Poisson variate having mean A = 1

e

and p.f. = , X=0,1,2,3,......

X

Mean deviation = E |(X - 1)|

M

Z X - A f(x) Ix - Al x

x

I
|
= 1
+
o
+
|
+
|
+
| w
I:—I

..h _(+h-1_1 1
"[n+1 [+l  |n |n+1

1 2
=—[1+1]=—
e e
2
=—x1
e
2 2 -
= P )= . (standard deviation)

Example 10: If x is a Poisson variate with mean m, what would be the expectation of e™ where
k is a constant. Find also the expectation of e** kx.
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Sol: The probabilities of x variate in Poisson distribution are given to be successive terms of
mXefm
|_X )
Where x=0,1,2,3,.......
The expectation of e**is

o mxe—m
E(e kX) — e kx
—k\ X
X me
ey ()
x=0 |l(
11 me* (me)?
=e -+ + +... 00
1 i 2
- e—m eme k — e—rmme’k e—m(l—e )
= kxe “mre ™
FurtherE(kxe *)=>"
x=0 |l(
—kX ~ X
= e™m
= ke™"
XZ:; x—1
N mie 2 mle
|J_ |_2 .......
= ke " mee™"
- nk(e)_m_ker?k
- r.T.k(e)—m(l—e’k)—k

Example 11: if X and Y are independent variates such that P(X = 1) = P(X = 2) and P(Y = 2) =
P(Y = 3) Find the variance of X - 2y.

Sol. Let X ~P(X) and Y ~ P (u). Then we have
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Since P(X=1) =P(X =2) and P(Y =2) = P(Y =3) (given)

_ _ 34
126 #Zeﬂ_ﬂeﬂ

let= and
12 13

Solving these, we get
ret*(h-2)=0and p?e*(u-3)=0

= rA=2

Now

and p=3;since A>0,u>0

Var (X)=1=2 and Var(Y)=u=3

Var (X - 2Y) = 1% Var(X) + (-2)°. Var (Y)

[Using V(ax + by) = V(ax) + V(by) = a*V(X) + b?V(Y)]

Covariance term vanishes since X and Y are independent.
Thus, we have Var (X-2Y)=2+4x3=14
Self-Check Exercise-2

Q.1

Q.2

Q.3

If X and Y are two independent Poisson variates having means 1 and 3
respectively, then find V(3x +y)

If a Poisson distribution has a double mode at x = 1 and x = 2, find the probability
that X. will have one or the other of these two values.

If the variance of the Poisson distribution is 2, find the distribution for x = 1,2,3,4
and 5. (use e? = 0.1356)

12.9 Summary

We conclude this unit by summarizing what we have covered in it:

1.

4.
5.

Defined Poisson distribution and derived Poisson distribution from Binomial
distribution.

Find the mean and Variance of Poisson distribution.

Discussed the m.g.f., moments and mode of Poisson distribution and derived the
formula to calculate each.

Discussed property of Poisson distribution
Did some examples related to each topic so that the contents be clarified further.

12.10 Glossary:

1.

A random variable X is said to have a Poisson distribution with parameter A, if its
probability function is given by

—1 41X

P

fOX)=f(x; L) =P(X=x)= ,Xx=0,1,2,...., x, x> 0.

Mean of Poisson distribution is A.
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Variance of Poisson distribution is A.

Moment generating function of Poisson distribution is e* (e' - 1)

12.11 Answer to Self Check Exercise
Self-Check Exercise-1

Ans.1

Ans.2

Ans.3

e'”.(100)

P(X=r)= ;r=0,1,2,......
X=r) r
P(X=4)= i
ST 3e?
(a) P(none is defective) = 0.007

(b) P(5 defective bulbs) = 0.1822

Self-Check Exercise-2

Ans.1
Ans.2
Ans.3

V(38X +Y) =12
P(X=1orX=2)=0.542

Required distribution

2 22 22 24
=(0.1358) | =+ =

12 BB

12.12 References/Suggested Readings
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Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9™ Ed., Academic Press, Indian
Reprint, 2007.

12.13 Terminal Questions

1.

A block has 200 pages and 200 misprints distributed at random. What is the
probability that a page contains

(a) exactly two misprints ?
(b) fewer than two misprints ?
(Use e™ = 0.09195)

Suppose the probability that an item produced by a particular machine is
defective equals 0.2. If 10 items produced by this machine are selected at
random, what is the probability that no more than one defective item is found.
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(Use e? = 0.01353)

In a book of 520 pages, 390 type-graphical errors occur. Assuming Poisson
distribution for the number of errors per page, find the probability that a random
sample of 5 pages will contain no error.

If X is a Poisson variate such that P(X =2) = 9 P(X =4) + 90 P(X = 6)
Find (i) A, the mean of X and variance
(i) B, the coefficient of skewness,
Bring out the fallacy, if any, in the following statement:-
"The mean of a Poisson distribution is 5 while its standard deviation is 4".

A Poisson distribution has a double mode at x = 4 and x = 5. Find the probability
that x will have either of these values.

If X is a Poisson variate with parameter m and y; is the ™ central moment, prove
that

m[rcl JTARE YTAPE S +I, yo] = et
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Unit - 13

Uniform Distribution

Structure

13.1 Introduction

13.2 Learning Objectives

13.3 Definition And Characteristics of Uniform or Rectangular Distribution

13.4 Properties of a Uniform Distribution
Self-Check Exercise

13.5 Summary

13.6 Glossary

13.7 Answers to Self-Check Exercise

13.8 References Suggested Readings

13.9 Terminal Question

13.1 Introduction

A continuous probability distribution is a type of probability distribution that describes the
probability of a random variable taking on a value in a continuous range. Unlike discrete
probability distributions, which deal with random variables that can only take on specific,
countable values, continuous probability distributions deal with random variables that can take
on any value within a specified interval.

The uniform or rectangular continuous distribution is a probability distribution where the
random variable can take on any value within a specified interval, and all values within that
interval are equally likely to occur. In other words, the probability density function (PDF) of a
uniform distribution is constant over the interval. The uniform distribution is often used in various
fields, such as computer science (for generating random numbers), decision-making (for
modeling uncertainty), and physics (for describing the distribution of particles in a container).
The uniform distribution is a continuous probability distribution, which means that the random
variable can take on any value within the specified interval, rather than just discrete values.

13.2 Learning Objectives
After reading this unit, you should be able to:

. Define uniform (rectangular) distribution
o Discuss characteristics of uniform distribution
o Discuss properties of uniform distribution
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13.3 Definition and Characteristics of Uniform or Rectangular Distribution

Def:- A random variable X is said to follow a continuous uniform (rectangular) distribution
over interval (a, b) if its probability density function is constant k (say) over entire interval or

range
_ k,a<x<b
)= 0, otherwise

For f(x) to be a probability density function, we must have

b

b
1
f(X)dx=1= | kdx=1=>k=——

! (¥ j —

i, a<x<b
fx)=1b-a (1)
0 , otherwise
Characteristics:-
1. a and b, (a < b) are the two parameters of the distribution. The distribution is

called uniform distribution on (a, b) since it assumes a constant (uniform) value
for all x in (a, b).

2. The distribution is also known as rectangular distribution, since the curve y = f(X)
describes a rectangle over the x-axis and between the ordinates x =aand x=b

3. A uniform or rectangular variate X on the interval (a, b) is written as
X-ula,b] or X-R][a, b]

4, The cumulative distribution function F(x) can be calculated as follows:-

Case I: Whenx <a

F(x)=P[X5x]=J. f(x)dx:J' 0dx=0

—00

Case ll: Whena<x<b

F(x) =P[X<X] = .[ f(X)dx + JX' f (x)dx

= ja. 0dx +f biidx= E)(

a

Case lll: Whenx > b
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a b X
F(x) = P[X<X] = .[ f(x)dx + J' f (x)dx + j f (x)dx

—0 a

o

:_jz de+i ﬁidx+l'0dx=gzl

The cumulative distribution function F(x) is given by
0, x<a
X—a
fx)=14——,a<x<b
b-a
1 , x>b
Since F(x) is not continuous at x = a and x = b, it is not differentiable at these points.

# 0, exists everywhere except at the points x = a and x = b and

d
Thus &F(x) = f(x) =

b-a
consequently probability density function f(x) is given by (1).
5. The graphs of uniform probability density function f(x) and the corresponding

distribution function F(x) are given below:-

fr0 Fre

|
) |
b—'_i — ——— | —1’;' /""—-'_-
\I' E | //'/"’
S N O ¢
.———"a."_’—; ~ a b 2\'.

6. For a rectangular or uniform variate X in (-a, a), the probability density function
(p.d.f.) is given by

i, —a< Xx<a
f(x)=142a

0 , otherewise
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13.4 Properties of a Uniform Distribution

Property | : Moments of Rectangular Distribution

Let X ~ U [a, b]
b b r+1 r+1
1 1 (b -a
LX) = | X f(X)dx= —— | X'dx =
=B -!; () b—aJ; b—a( r+1 j
In particular
.1 (b*’-a*) b+a
Ontaking r=1; = =
J . b—a( 2 J 2
= Meanz,url_aLb
= 2
. 1 (p*-a®) 1
andontakingr=2; u,= —— == (b®>+ab+a?
g Hy b—a[ 3 ] 3( )

2
Variance = u,- u° = % (b® + ab + a?) - {% (b+ a)}

1
= Variance = pu, = — (b - a)?
M2 12 ( )
Property Il: Moment generating function of Rectangular Distribution is given by

t£0

b b X bt at
M) = Efe"] = | &*f (x)dx= | be_adx= te(b_—Z)'

242 rgr 242 rgr
[1+bt+bt T +bt +onnn ]—£1+at+at T +at Fonn j
2! r! 2!

t(b—a)
t2 tr tr+l
(b-a)t+(0?—a?)~ +.t (D —a) =+ (D —a™) ...
_ 2! r! r+1
t(b—a)
r r+1 r+1
4= Coeff. of == 2 —8

rl (b—a)(r+2)

In particular on taking r = 1,2,3,4,.....; we get
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£=§W+w+ﬁ

ph= 2 b+ a) (o + )

,_1b°-a° _b'+b’a+b’a®+ba’+a’
# 75 (b-a) 5

Various order Central moment are
w= gy -y =0

b-a)®
o= b - (= L2 12)

M= 45 -3ty g +2(17)°=0

(b-a)*
Ha = Hy =4y py + 6.1 ()" - 3( )" =
2
Coeff. of skewness = 3, = /1_3; = % =0
2 M

_ . _ (b-a)/80 _ (12’

Coeff. of Kurtosis = =
& 2 [(b-a)?/12? 80

-2-18
5

Also 1= B =+0=0

and YZ:B2'3:1.8'3:-1.2<0
Thus, rectangular distribution is symmetrical and platykurtic in nature.
Property lll: Characteristic Function of Rectangular Distribution is given by:
b gt _ gt

o) = [ @1 (9= om0

a

Property IV: Mean Deviation about Mean (M.D.) of Uniform Distribution is given by
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=

b b
M.D. = E|X - Mean| = J. | x—Mean | f(X)dXI ‘x—a+b idx
a 4 b-a
b
= ij X_aLb dX
b-a-: 2
On taking X - aLb:t
2
dx = dt, we get
(b-a)/2
MD.= —— [ [t]dt
b-a —(b-a)/2
(b-2)
2 —
M.D. = — 1 2 | tdt =22
b-a 0 4
MD. = 22
4

Property V: The quartiles of uniform distribution are given by:

First Quartile Q; is given by

@ 1
j f(9dx=~

a

idx:
b-—

o))
NP
o

|
@
Al

D ey O

Ql=a+%(b-a>

Second Quartile Q, or Median is given by

% 1
{ f(dx=—

» —y O

1 1 1
——dx== = ==
b- 2 2

Q
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Third Quartile Qs is given by

3
f(X)dx= =
!() .
Q2
. [ tecdogees
b-a 4 b-a 4

Q3:a+§(b-a)

Let us improve our understanding of these results by looking at some following
examples:-

Example 1: If X is uniformly distributed with mean 1 and variance % , find P(X < 0).

Sol. Let X - U [a, b], so that f(x) = bi a<x<b
—-a

Now Mean=1 [Given]
= %(b+a):1 = b+a=2 ..(1)
: 4 .
And Variance = 3 [Given]
= 1 (b-a)= 4
12 3

= (b-a)*=16

or b-a=+4
Since a<b, sob - ais always positive
Therefore, b - a = 4,

On solving (1) and (2), we geta=-1and b =3
1
X)= —;-1<x<3
fx) 2
0

0
Thus, P(X < 0) = J' f (x)dx= I %dx =
1 -1
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1,0
Z |X|71
1

4

Example 2: Suppose X is uniformly distributed over (-a, a), where a > 0. Determine a so that

P(X <lj =0.3
2

Sol. Since the random variable X follows uniform distribution over (-a, a), a > 0. Therefore, its
p.d.f. is given by

i;—ag Xx<a
fx)=142a

0 : otherwise

Now P(X <%)= 0.3

12
= [ f(ydx=03
12

- j 2—ladx=o.3

—a

1
~—+a
= 2__-03
2a
= 05+a=0.6a
= a-06a=-05

= 04a=-05

5
= a=-—
4
Example 3: A random variable X has a uniform distribution over (-3, 3). Find k for which P(X >
k) = 1
3

Sol: Since the random variable X follows uniform distribution over (-3, 3). Therefore, its p.d.f. is
given by
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1;—3£xs3
fx)=16

0 ; elsewhere

Given P(X > k) = %

3
= J.ldle
. 6 3
3-k 1
= —_— ==
6
= 3-k=2
= k=1

Example 4: For rectangular distribution f(x) = 1, 1 < x < 2. Find A.M., G.M. H.M. and S.D. and
show that A.M. > G.M. > H.M.

Sol. Given f(x) =1;1<x<2
ie.a=1,b=2

2 2 272
A.M.:E(X)zj. X. f(x)dx =I Xdx = {X?} =15
1 1

1

2
Variance = E[X - E(x)]* = E[X - 1.5)* = J. (x—=1.5)* f (x) dx

L]

If Gis G.M., then

[

2

2
loge G = E (loge X) = I (log, x) dx= [xlog, x]f - f x.%dx
1

1
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=2 log?- X, = log,?-1=2x0.6931 - 1 = 0.3862

G.M. = Anti log (loge G) = Antilog (0.3862) = 1.4713
If His H.M., then

S

= log.?- log.' = 0.6932

f 1f(x)dx=|og X’
1 X !

Hz — L =1.4427
0.6931

Hence AM. =1.5; G.M. = 1.4713; H.M. = 1.4427

or AM.>G.M.>H.M. and S.D. = /%

Example 5: If X and Y are independent uniform (rectangular) variates on [0, 1], find the

X
distribution of (i) — and (ii) xy.
y

Sol. We are given that X - U [0, 1] and Y - v [0, 1], therefore the p.d.f. is of X and Y can be
written as f1(x) =1,0<x<1and fo(y)=1,0<y<l.

Since X and Y are independent variables, the joint p.d.f. of X and Y is given by
fy) = fi(x) foly) =1,0<x<1,0<y<1 .. 1)

X
0] To find the p.d.f. of —, we transform the system in terms of U and V where u =

X
—andV=yie.x=uvandy=v

oX oy
1 Al v O
Here J = o(%.y) _|ou eu|_ _v
ouyv) |ox oyl u 1

ov ov
The limits x =0 mapstou =0, v=0;
x =1 maps to uv = 1 (Rectangular hyperbola); y=0mapstov=0;andy =1
mapstov=1
Then the joint p.d.f. of U and V is given by
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y(u, v) = f(x, y) NI
=v,0<u<ow,0<v<lwithuv=1

These limits can be shown in the figure below as:

Now to find marginal p.d.f. of U, we integrate g(u,v) with respect to v, within the specified
limits. When we integrate w.r.t. v, the area under curve consists of two regions | and Il as shown
in figure.

In region I:
1 1 1
0u(u) = j g(u,v)dv= j vav=~,0<u<1
In region II:
Tu 1u 1
g:1(u) = }[ g(u,v)dv= '([ vdv= E,l<u<oo

X
Hence the distribution of U = — is given by
y

gu(u) =

(i) To find the p.d.f. of XY, we transform the system (1) in terms of U and V defined as u =
Xy and v = X
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ox oy 1
oy) _|au aul_|° v|_1
Here J= ——== = =.=
o(u,v) |[ox oy 1 4V

ov oV z

Thelimitsx=0mapstov=0;x=1mapstov=1;y=0mapstou=0andy=1maps
to u = v. The joint p.d.f. of U and V is given by

g(u, v) = f(x,y) |J] = 1;0<u<1,0<v<1withu=v
v
Now, to find marginal p.d.f. of U, we integrate g(u, v) with respect to v as below:-

1
ga(u) = _[ \—];dV = ||09V|i =-logu,0<ux<l1

. >

Example 6: Find the density function f(x) corresponding to the characteristic function

YO=1 0t

Sol. We know that

1 i =jtx 1 h —itx
‘M=Z£eﬂwhz£e&ﬁw
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1
27

Ve

|

U e”x(1+t)dt+'lf e“x(l—t)dt} (1)

{(1+ t) e—.nx _(ez—_m;}} . {(1—'[) e—.itx N ( .ez—itz }
—IX 17X —IX "X 0

1 1 e—ix e—ix B 1 1
— = 1|-do- + {0+ R
H—ix —X2H { —xz} { —xz} _{—ix —XZH
1.1 & & e 1 1
ix X X X X ix X
[ 2 & e
NN
[ 2 2cosx
X X
1- cosx

2

,-0<X< 0
X

Self-Check Exercise

13.5

Q.1  If X is uniformly distributed with mean %and variance % , find P(x > 0) and P(x
<1).

Q.2 Calculate the mean and variance of the rectangular distribution given by the
probability density function f(x) = 2—1h in 10-h < x < 10 + h and 0 elsewhere. What
is the distribution function of the variable X of which f(x) is p.d.f.?

Q.3 I)EX has uniform distribution in [0, 1]. find probability distribution function of -2 loge

Summary

We conclude this unit by summarizing what we have covered in it:

1.

2
3.
4

Defined continuous uniform (rectangular) distribution over interval (a, b)
Discussed different characteristics of uniform distribution
Discussed in detail different properties of uniform distribution

To improve understanding of different results we did some examples also.
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13.6

13.7

13.8

Glossary:
1. A random variable X is said to follow a continuous uniform (rectangular)
distribution over interval (a, b) if its probability density function is constant k (say)
o | k,a<x<b
over entire interval or range f(x) = :
ge /() 0, otherwise
. . : 1
2. For f(x) to be a probability density function, k = o_a
—-a
1
——,a<x<b
fx)=4b-a
0,otherwise

Answer to Self Check Exercise

Ans.l P(X>0)=

P(X <1)=

glw glw

Ans.2 Mean =10
. 1,
Variance = §,h

Distribution function

X=A0-N .15 h<x<10+h
F(x) = 2h
1 ; x>10+h

y

Ans.3 Probability distribution function of -2 loge X = % e2:0< y <o
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13.9 Terminal Questions

1.

A random variable X has a uniform distribution over (-3, 3). Compute:
() P(X<2) and (i) P(IX-2| < 2)

Let the current (in MA) measured in a copper wire follows uniform distribution
over the interval [0, 20]. Write down the probability density function of random
variable X representing the current. Also calculate mean, variance and
cumulative distribution function of X.

1 .
If X = U (-a, a). Show that its m.g.f. is given by M,(t) = P sin h (at) and also show
a
2n
that pone1 =0, upy = —— ; N IS a positive integer.
Hama =5 Ban = ol P J

Find the cumulative generating function of the rectangular distribution and the
first four cumulants.
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Unit - 14

Normal Distribution

Structure

14.1  Introduction

14.2 Learning Objectives

14.3 Some Definitions

14.4 Mean And Variance of Normal Distribution

14.5 Mode of Normal Distribution

14.6 Median of the Normal Distribution

14.7 Moments About the Mean

14.8 Moment Generating Function of Normal Distribution

14.9 Moments of Normal Distribution

14.10 Important Theorems

14.11 95% Confidence Interval for the Mean of the Population

14.12 Area Property (Normal Probability Integral)
Self-Check Exercise

14.13 Summary

14.14 Glossary

14.15 Answers to Self-Check Exercise

14.16 References Suggested Readings

14.17 Terminal Question

14.1 Introduction

The normal distribution occupies the central position in probability and statistics. The
normal distribution is the most frequently used of all probability distributions. The normal
distribution was first discovered in 1733 by English Mathematician De-Moivre, who obtained this
continuous distribution as a limiting case of the binomial distribution and applied it to problems
arising in the game of chance. The normal distribution is a continuous probability distribution
that is symmetric about the mean, and has a bell-shaped curve. It is defined by two parameters
mean and standard deviation. Many natural and man-made phenomena follow a normal
distribution, such as heights, 1Q scores, measurement errors etc. In statisfical inference, the
sampling distribution of many test statistics (e.g. sample means) follow a normal distribution,
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enabling the use of powerful statistical methods. It is widely used to model continuous random
variables in fields like finance, engineering, biology and more. Its mathematical properties make
it tractable for analysis and modeling.

14.2 Learning Objectives
After studying the unit, you should be able to:

. Define Normal distribution; Beta-function; Gamma-function

. Find relation between Beta and Gamma function

o Find mean and variance of normal distribution

o Discuss mode of normal distribution

. Discuss median, moments about the mean and m.g.f. of normal distribution
. Find moments of normal distribution

o Prove some theorems related to normal variate.

° Discuss 95% confidence interval for the mean of the population

° Discuss Area property (Normal probability integral)

14.3 Some Definitions
Normal Distribution

A continuous random variables X is said to be normally distributed if its p.d.f. is given by

1 X—u
2\ o

fx; H,cy):f(x):ﬁe_[J , -0 <X<o0,-0<pu<ow, c>0.

Here p (called mean) and o (called variance) are parameters.

1 X—pu )2
Now we have to prove that f(x) = —Zﬂe 2[ e j ,-0<X<ow,c>0isap.d.d.

(o}

Now f(x) > O for all x

? 1
andJ; f (X)dx = G\/ijez

1 %
= e 2od
UZ?Z’J. y

—00

X_
[Put H

=y so that dx = ¢ dy]
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= i Te__fdy

N2r -,

1 \/—
=—+2r =1
NV 4

0

j f(x)=1

f(x) satisfies the conditions of being a p.d.f. of continuous random variable.
Hence f(x) is a p.d.f.
Beta-Function
Beta - function is defined as

1
B(l, m) = j X (1- )™ dx
0
Take | = 1 m= —
2
1
B[l,lj = _[ X 21— x) 2 dx
2'2)
Put x = sin® Q
zl2
(E,EJ_z [ 1do=B (l,ljz x
2 0

Gamma - Function
Gamma function is defined as

() = j e X dx,| >0
0

It can be proved that
rh=0-1rd-1)
Relation between Beta and Gamma Function

(. my = T
! T(l +m)
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2
= 1= [F[%ﬂ [ T(1)=1]

Note 1: The normal distribution with mean p and variance o is abbreviated with the symbol N(y,
2
o).

Note 2: Since f(x) is a p.d.f.
> f(xdx=1

= total area under the curve f(x) and above the x-axis is equal to 1.

Note 3: The graph of y = f(x) is known as the normal probability curve or simply normal curve. It
is a bell-shaped curve. The top of the bell is directly above the mean p. For large values of o,
the curve tends to flatten out and for small values of o, it has a sharp peak.

14.4 Mean and Variance of Normal Distribution
We have

Mean = E(X) = J. x f(x)dx

=y or X-u=ocy
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U o
Mean = —— e 2dy+ —— e?yd .1
\/2_I y \/2_I y dy (1)

Let Iy= _[ e 2dy
Also |, = I e ? dx
= 1

(= | e? (¢+y?)dxdy

=_[ J‘rﬁdr dd  (changing to polar coordinates)

= (2n - 0) [—e‘r%}:

=-2n(-1-0)

Let I, = J. e_Ty dy

=0 [ integrand is an odd function]

from (1), we get

y7i o
M = —— 42 ——.0
ean \/Z \/_7[ + \/Z
=u
Var (x) = E (X~ °= [ (X=£)° () dx
T 1 A

=[C(x—u)2.0@.




y or X-u=cy

02 ; 2 ‘;yz
= T I y'e 2 dy
T %
= 20" | y? e%dy [
\2
T o
2

Put y?:zory2=22

2ydy=2dz = dy = —dz =

2062 7 dz
Var (X) = — 22)e? —
ar (X) \/E_c[(z)e \/Z
262 %
w1

0 3
202 ;51
_[ e’z2 dz
0

1
‘z2dz

QI

T

S
Vr=o

- Var (X) = ¢°
14.5 Mode of Normal Distribution
The p.d.f. of a normal distribution is given by

)

N

N

S §

1
)= ol2n

Taking logarithm, we have
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1

= (X - p)?
(o)

log f(x) =-log (/27 )- _

Differentiating w.r.t. X, we get
f') _ 1
f(X) 20

> (X-p). 2

o fo=-F 0 ... )

2
O

Again differentiating w.r.t. X, we get
1 .
09 = =5 [(x=m) £ 0+ ()]

=1 {_(x_ 1) (X;Z“ ) g+ 1 (x)} [ of (1)]

o

-2

From (1), f(X)=0=>x=pu

AISO [0t e = Ui [0 at e

1 1 1 1
:—2 :——3—<0
o° |\oN2rx o’ 2x

Thus, mode of the normal distribution is p, the mean of the distribution.
14.6 Median of the Normal Distribution

Let «be the median of the normal distribution

Then j f (x)dx= %: j f (x)dx

—00 —00

R U C
or ‘[Oamez dx+;[a«/gez dX_E
or 1+T 1 e_%(x%ljzdle

2 oN2rx 2

7]

[I* integral may be evaluated be putting x = p]
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14.7

and

or ]E 1 e_%[%jz dx=0
w oN2r

x=H

Thus, the median of the normal distribution is equal to pu, the mean.

Hence, for the normal distribution all the three median, mode and mean coincide.
Moments About the Mean

In a normal distribution

(1) all the odd moments about the mean p vanish.

(i) all the even moments about the mean are given by po, = (2n - 1) 6° tiones.
The even order moments about the mean p of the normal distribution are given by
Hzn = (2N - 1) o Uan-2.

The even order moments about the mean p of the normal distribution are given by

0 1 x—pu)2
e LG,

S o~N2r
1.

=9 j 7" .ze 2 dz(Putting sz_—”j

N o
_9

7122 ? O'2n 2 2n-1 —EZ2
= -7 2 + —(2n-1) f z"e? dz
n 2o

J2r V2n

= 2 (0)+[2n- 1] 6 pznz

2

=(2n-1) 6° pzn2
Thus, wn=(2n-1) Gz.ugn_g
Successively applying the recurrence formula, we get
Uzn2 = (2N - 3) o’ MU2n-4
s =3.06° Wz
U = 602 Mo = c°.1

Thus pon = (2n - 1) (2n - 3).......... 3.1.6""
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Hence p, = o, Ug = 36"
The odd order moments about the mean p, are given as

© 1 x—p\2
a1 5
Uon+1 = J. (X_ )2n1—e 2[ o—j dx

2n+l % 1. —

— o j Z2n+le 57 4z ‘:Putu ng 7= X—ui|
N2m 2, c

2n+1

=g x 0 [ Integrant is an odd function of z]

14.8 Moment Generating Function of Normal Distribution

We have

e < 1
Mx :E tx - etXf d - tX
(t) = E (%) j (x)x£e0@

1 7 72712[(X—,u]2—20'2tx]

= 2. J; e dx

Now (X-p)?-26°tx=x*-X(u+c°t)x+p?
=X-(u+ o O +p*- (u+ o’ t)’
=[x-(u+o’t)-2po’t-c*t]

2
© 1 x—(,u+0'2t
Uztz 1 J‘ e 2{ o }dx

Mx(t) = e + 2 G\/z,

o2 1 © _l{x—(/ﬁazt}z
= 2 o
= M@ =e 2| ——=| e & =1
o2r I

Cor. Put p=0,6°=1
&
M(t) = €2
If X is a standard normal variate i.e. X is N (0, 1), then its p.d.f. and m.g.f. are
respectively given by
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2 t?

1 -x il
f(X)= ——=—= €2 , -0 < x<ooand Myt) = 2

2r

14.9 Moments of Normal Distribution

The m.g.f. (about mean) is given by E[e'™"] = e™ E (&%) = e™ M,(t) where M,(t) is the
m.g.f. (about origin)

Moment generating function (about mean)

- e—pt eut+t20'2/2 - et20'2/2

2_2 2 2_2 3 2_2 n
= [1+(t202/2)+(t 0'|_2/2) +(t 0@/2) Foune +%+..} ..(1)

r

- . . : .
The coefficient of - in (1) gives y;, the rth moment about mean. Since there is no term
r

with odd powers of tin (1), all moments of odd order about mean vanish.

i€ 1 =0;n=0,1,2, ... (2)
t2n
and pu,, = coefficient of @ in (1)
_o™x|2n
2"|n
2n
= 2'[n 2n(2n-1)(2n-2)......... 4.3.2.1]
2n
= 2 [1.3.5......(2n -1)] [2.4.6. .... (2n -2) 2n]
2n
= 71 [1.35.....(2n-1)] 2"[1.2.3. ..... 4]
= ton = 1.3.5. ... (2n -1) *" ...(3)

14.10 Important Theorems

Theorem 1 : If x is a normal variate with mean p and variance o > 0, then show that a new
—H
o}

is a variate with mean 0 and variance 1. Also find the

random variable z defined by Z = X

m.g.f. of Z.
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Proof : Here Z = ~—#
O

Mean = E(2) = E [X_”j -1 ex-y
(o2 o

= e - nEQ@) = Tu-u@=0
O (e}

Var (z) = Var (X_ﬂj: iz var (X - p)
O (o2

1 1
== Var(x) == o°=1
o o

The m.g.f.of Zis

M. () =M, (t)= v M, (ij
- (o2

o

—utomt t2
e’ .e’ +—
2
t2
= eLZ
Theorem 2 : If Xy, Xo, Xz, ....... Xn are independent variables having the same distribution with the

mean p and the variance o%, then

2
E(X) = pand Var (X) = G—.
n

X + X+t X,
n

E(X)=E [X1+X24rr]....+xnj = % E(X1, X2, X3, wv..... Xn)

Proof : X =

— % [E(xy) + E(X2) + ....... +E(Xn)]

1
= — [u+p+..... + to x terms]
n
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1
:—_n“:“
n

R (T TSy

1
? Var (X1+ Xot....... Xn)

2

= ni [Var (x;) + Var (x2) +....... + Var(x,)]

= 2[c32+cr2+ ..... + 67
n
1
= = .n02
n
n

14.11 95% Confidence Interval for the Mean of the Population

To introduce the idea of a confidence interval by mean of an example, let us refer to the
sample distribution X for random samples of size n from a normal population with the mean
u and the known variance &°.

2
o . . o° . .
X is distributed normally with the mean p and the variance — i.e. x is
n

2
N(,u,%j orz= \/_ is N (0, 1)
G

Now P(-1.96 < Z < 1.96) 0.95

i_

orP(-1.96 < —** <1.96)=0.95
G/x/ﬁ

orP(X-1.96 ——<uX+196——)=0.95

- "
where X is value of X which we actually obtained in a sample.

Hence 95% confidence interval for the mean (u) of the population is

X+ 1.96-

\/ﬁ )

(X - 1.96

N
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14.12 Area Property (Normal Probability Integral)

If X ~ N (u, 6°), then the probability that random value of x will be between x = p and x =
X1 is given by :

1 2 2
P(u< X < %) = J'le(x)dxz jxle*x-”) 120° dix
# o~N2r

X_

Put ——=z=x-p=o0z
O
- - - K TH
Alsowhenx=p,z=0and X =x, Z=——— =z, (say)
o

1 Z 2
P(p<x<x1)=P(O<Z<zl)=—I e ”%dz
N2 0

= J'Ozlgé(z)dz

1 2
Where ¢§(z) = ——= €*'%, is the probability density function of the standard normal

NP

variate. The definite integral Iozlyﬁ(z)dz is known as normal probability integral and gives the

area under standard normal crurve between the ordinates Z=0and Z = z1,

i J . = 4 = v
X=p-3c  X=p-26  X=p-o X=u X=p+c X=u+2c X=p+3c
Z=-3 Z=-2 Z=-1 Z=0 Z=1 Z=2 Z=3
In particular
() The probability that a random value of x lies in the interval (1 - o, U + o) is given

by
u+o
P(M-G<X<u+c)=.[ f (X)dx
H—c

= P(-1<Z<1)= J._11¢(Z)dz
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z=
O
=2 I;¢(z)dz [By symmetry]
=2 x 0.3413 = 0.6826 (From tables)
(i) P(u-20<x<u+20)
=P (-2<2<2)= I_22¢(z)dz
=2 .[02¢(Z)dz [By symmetry]

=2x0.4772 =0.9544
(iii) P(u-3c<x<u+3c) =P (-3<Z<3)

= " #(2)dz

=2 [ ¢(2)dz =2 0.498665

=0.9973
Thus the probability that a normal variate x lies outside the range p + 3o is given by :
P(x-u|>30)=P(Jz| >3)=1-P(-3<Z<3)

=0.0027

Let us improve our understanding of these results by looking at some following
examples:

Example 1 : Suppose the height of 1000 soldiers in a regiment are distributed normally with
mean 68.22 inches and variance 10.8 inches. How many soldiers have height-

0] Over 6 feet (ii) below 5.5 feet?
Sol. : We have been given that

u=68.22 and o = ¥10.8 = 3.29
() for x = 6 feet = 72 inches

X—yu 72-6822 378

sz= = =1.15
o 3.29 3.29
. P(x>72)=P (z>1.15) = 0.5 - 0.3749
=0.1251

219



.. Number of soldiers with height more than 72 inches
=1000x 0.1251 =125.1 =125
(i) for x = 5.5 feet = 65 inches
S XM 65-68.22 _ 322 _ 0.9787
o 3.29 3.29
P(x <65)=P (z<-0.9787) = 0.5 - P(0< 2 < 0.98)

=0.5-03365=0.1635

Number of soldiers with height below 65 inches
= 1000 x 0.1635 = 163.5 = 163

Example 2 : Estimate the 95% confidence interval for the mean of a normal population having
the variance 62 = 100 and a random sample of size n = 25 yields X = 67.33

Sol. We have been gives that
6> =100, n =25,X=67.53
95% confidence interval for the mean p of the normal population is

(X—1.96£,i+1.96ij

&R

or (67.53—(1.96)(1—50}67.5%(1.96)(%)}

or  67.53-3.92,67.53 + 3.92)
or  (63.61, 71.45)

Example 3 : Let x be a normal random variable with mean 10 and standard deviation 4.
Determine the probability.

0] P(12 < x<15) (i) P(x>7)
Sol. : (i) Here n=10, c =4
For x = 12, we have
_ X—p 12-10 :g :1 05
o 4 4 2
For z = 15, we have
_Xou 15710 5 ) o8
o 4 4
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P(12 <x<15) =P(0.5<z<1.25)
=P(0<z<1.25)-P(0<z<0.5)
= 0.3944 - 0.1415 = 02029

(i) Here un=10,0c=4
For x = 7, we have

_x—p _7-10

lo} 4

L P(XxX>7)=P(z>-0.75)
=P(-0.75<z<0)+P (z>0)
=0.2734 + 0.5
=0.7734

Example 4 : Let x denote the number of scores of a feet. It is normally distributed with mean
100 and standard deviation 15, find the probability that x does not exceed 130.

-3 - 075
4

Sol. : Here n =100, c = 15

Let x be changed into standard normal variable z.

Ly XM x—100
- o 15
Whenx=130,z=M =30 =2

15 15
Now P(x <130) =P (z<2)=F(2) =0.9772

Example 5 : Find the mean and S.D. of an examination in which grade of 70 and 88
corresponding to standard score of -0.6 and 1.4 respectively.

Sol. : Let z be the normal variable corresponding to x when p is mean and o is standard
deviation.

Xx=70,z=-06andx=88,z=1.4

_X-H

z= —— gives
(o2
06="2"# L 70-u=-060 (1)
O
and1.4=5"H _ g5 =140 (2)
O

Subtracting (1) from (2), we get
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18=2c6=>0=9
From (1), 70-u=-54=u75.4
pn=754andc=9

Example 6 : The marks obtained by students in an examination are normally distributed. If 10%
students have marks more than 75 and 60% have marks more than 50, find mean and variance
of the distribution.

Sol. Let the mean be pand S.D. by o.

Probability of students getting marks more than 75 = % =0.1

Probability of students getting marks between mean and 75=0.5-0.1=04
Value of Z corresponding to area 0.4 from the table is Z, = 1.29

Similarly probability of getting marks more than 50 = 0 =0.6

100
Probability of getting marks between mean and 50 =0.6 - 0.5=0.1

Value of Z corresponding to area 0.1 is Z, = 0.25

Now z, = X #
(02
or  75=u.=129 .. Q)
and Z,= 50— 4
O
_0.25= 0-H
O

oo  50-p=-025¢ .. @)

Subtracting (2) from (1), we get
25=1540c = c =16.23
From (1), 75 - pu = (1.29) (16.23)
or 75-p1=20.94
or p=75-20.94
=54.06
Mean p = 54.06 and p = 16.23

Example 7: If X has the m.g.f. exp (2t + 32t%), then find the mean and variance of X.
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Sol. Given m.gf. of X is My(t) = &% . (1)

We know that m.g.f. of normal variable X with mean p and variance ¢ is

oit?

M@B=¢e 2 2)

From (2) and (1), we get

pt+—

e

oi?

2

- e2t+32t2 — w=2, g _ 32

n=20"=32x2x1 = n=20°=64

Mean = 2 and Variance = 64

Self-Check Exercise

Q.1

Q.2

Q.3

Q.4

If the level of education among adults in a certain region is normally distributed
with mean 8 and S.D. 5, what is the probability that in a sample of 100 adults,
you will find an average level of education

(1) between 10 to 14 years
(i) more than 14 years

If X is a normal variable with mean 25 and standard deviation 5, find the
probability that

()  X<10 (i) 15<X<30 (i) |X-30]>10

In a sample of 200 cases, the mean of a certain test is 14 and standard deviation
is 2.5 Assuming normal distribution, find

0] how many condidated score between 12 and 15?
(i) how many score below 8?
[GivenZ:0.4 0.8 2.4 P(Z):0.1554 0.2881 0.4918]

In a normal distribution 31% items are under 45 and 8% are over 64. Find the
mean and standard deviation of the distribution.

14.13 Summary

We conclude this unit by summarizing what we have covered in it:

1.
2.
3.

Defined normal distribution; Beta function; Gamma - function.
Derived the relation between Beta and Gamma function.

Discussed mean and variance of normal distribution and derived the formulae for
these.
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14.14

14.15

14.16

4, Discussed mode, median, moments about the mean, m.g.f. and moments of
normal distribution and derived the formulae for these.

5. Proved some theorems related to normal variate.
6. Discussed in detail 95% confidence interval for the mean of the population
7. Discussed in detail the area property normal property integral.
8. Did some examples related to each topic so that the contents be clarified further.
Glossary:
1. A continuous random variable X is said to be normally distributed if its p.d.f. is
given by
,E{X;#T
X u, 0)=f(X = e e ,0< X<, -0<u<w, >0
o2x
2. Beta - function is defined as
1
B(l, m) = .f X H(1-x)™dx
0
3. Gamma - function is defined as
() = j exdx, 1> 0
0
4, If X is a normal variate with mean p and variance o’ > 0, then a new random

X— p
(2

variable Z defined by Z = is a variate with mean 0 and variance 1.

Answer to Self Check Exercise
Ans.1 (i) Number of students between 10 to 14 years = 23
(ii) Number of students with more than 14 years = 12
Ans. 2 (i) P (X <10)=0.0013
(i) P(1X-301>10)=0.16
Ans. 3 (i) Number of students scoring between 12 and 15 = 89
(i) Number of students scoring less than 8
Ans.4 u=50and =10
References/Suggested Readings

1. Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.
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Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9" Ed., Academic Press, Indian
Reprint, 2007.

14.17 Terminal Questions

1.

In a distribution, exactly normal, 7% of the items are under 35 and 89% are under
63. What are the mean and standard deviation of the distribution?

The mean weight of 500 male students at a certain college is 65.6 kg and the
standard deviation is 10 kg. Assuming that the weights are normally distributed,
find how many students weigh

0] more than 75.5 kg
(i) between 55.5 and 75.5 kg
In a statistics examination the mean score was 78 and S.D. was 10.

(1) Determine standard score of school boys whose score was 93 and 62
respectively.

(i) Determine the score of students standard deviation of whose score was -
0.6 and 1.4 respectively

Estimate the 95% confidence interval for the mean of a normal population having
the variance o, = 225 and a random size of n = 20 yields X = 64.3
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Unit - 15
Exponential Distribution

Structure

15.1 Introduction

15.2 Learning Objectives

15.3 Exponential Distribution-Definition

15.4 Properties of Exponential Distribution

15.5 Some Important Theorems
Self-Check Exercise

15.6 Summary

15.7 Glossary

15.8 Answers to Self-Check Exercise

15.9 References/Suggested Readings

15.10 Terminal Questions

15.1 Introduction

The exponential distribution is a fundamental probability distribution in statistics and
probability theory. It is widely used to model the time between independent, randomly occurring
events, such as the time between arrivals in a Poisson process or the time between failures in
reliability engineering. It is a continuous probability distribution, meaning it can take on any
value greater than or equal to O-. It has the memory less property, which means that the
probability of an event occurring in a given time interval is independent of the time elapsed since
the last event. This makes the exponential distribution suitable for modeling processes where
the occurrence of events is random and independent of time. This distribution is characterized
by a single parameter, known as the rate parameter (1), which determines the average rate of
occurrence of the events.

It is commonly used to model the time between events in a wide range of fields, such as
reliability engineering, queuing theory, and survival analysis. It is closely related to the Poisson
process which is a model for the occurrence of independent, randomly occurring events. It is
mathematically tractable, meaning that it has simple and well-understood properties, which
makes it useful for analytical and computational purposes in various fields of study.

15.2 Learning Objectives
After studying this unit, you should be able to:

o Define exponential distribution
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. Discuss different properties of exponential distribution. Properties like distribution
function, moment generating function, characteristic function, cumulant
generating function, Quartiles, mean deviation about mean, you should able to
discuss

. Discuss some important theorems of exponential random variables.
15.3 Exponential Distribution-Definition

A continuous random variable X assuming non-negative values is said to follow an
exponential distribution with parameter A > O, if its probability density function (p.d.f.) is given by

100 = 287 x>0
0 ; otherwise

A random variable is called exponential random variable if its probability function follows
exponential distribution.
15.4 Properties of Exponential Distribution

Property I. Distribution Function:- The distribution function of exponential random
variable is given by

F(X) = P(X < X) = j f (X)dx= A j e dx=1-e"
0 0

1-e*™: x>0
Fu(X) = )
0 ;otherwise

Property Il. Moment Generating Function: The m.g.f. of the exponential distribution
about origin is given by

o0

My(t) = E(e) = j & f (x)dx

0

= j e dx= 1 j e %
0 0

A
At



Property lll: The constants of exponential distribution are :

. 1 . . .
Mean = Z; Variance = ?; coefficient of skewness V; = 2 and coefficient of kurtosis V,
=6

Property IV: Characteristic Function: The characteristic function of the exponential
distribution about origin is given by

dx(t) = E[e"]

= T € f (X)dx = 1 T e™.e ™ dx
0 0

N
0 A-it

DS (%)

r=0
Property V: The cumulant generating function:

The cumulant generating function is

t
Kx(t) = log My(t) = - log (l— Zj



2 3 4 r
1 ¢ 2 v Bt =1t

—+ = T T e — _—

or Ku(t) = t+ —. — . . .
() 12 |_2 13 |_3 14 H’ ﬂ,r |£

1
=

Mean = coeff of t = K; =

, t? 1
Variance = coeff of —=K;,= —

4
Coeff. of L =K4=L3;=£4
4 FEE)

9

Property VI. Quatrtiles:
Here f(x) = Ae™, x>0
If Q; and Q3 be the lower and upper quartiles respectively, then for the lower quartile
9 1

jf(x):Z

= —elQ1+l)—
= gz 3
4
1
:'_Ioe_
= Q=0 g

229



For the upper quartile

Q
[ foodx =23
J 4
03
= A .f e dx = 3
4

o

= A Qs =log (1)
AQs=loge | =
4

1
= Q3 = Z IOge 4
Property VII: Mean deviation about mean:

- o 2
The mean deviation about mean is given by M.D. = 7 et

Proof: Let X - exp (\)
1
E (X) = Mean = —
A

M.D. about mean = E (|X - E(X)]) = E (X - mean|)

e

A

= j x—l‘ f (x)dx
) A

o0

X—TlePdx = | |ax—1le ok
p

0

g
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Put Ax=y = dx = —

A
17 _ 17 } I }
M.D. = —I |ly-1]e’dy = = .[ (y-De ydy+f (y-Dedy
ﬁ“ 0 ﬂ' 0 1
— _[e-1+ el = E el
A

Property VIII: Graphs for Exponential Distribution:
The graph of exponential probability density function and distribution function are as

under:
X 0 1 2 3 | 0
f(x) = re™ A A re? e 0
FX(Q =P(X<x)=1 0 1-e* 1-e% 1-e® | 1
e

\ )
o
P
O
—T‘I
»
~
\)

\

| 4 SaEerr e
| '\“
Crzaph c’f/”/" X Gm}}r ddliﬂtf'b&/)‘/%)(' A
:f—’rJ;ﬂ,;/'/"("}’f .

15.5 Some Important Theorems
Theorem 1: If X4, X, ..... , X, are n independent exponential random variables with parameters
Ay A2y e, , An respectively. Show that Z = Min (X, X,, ...., X;) has exponential distribution with

n
parameter A = Z X .

i=1
Proof: Let Xi—exp (A);i=1,2,...... , hand Xiis are independent

Define Z = Min (Xg, X,, ....... , Xn)
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The distribution function G of random variable Z is
G(2)=P(Z<2)=1-P(Z>2)
=1-P [Min (X1, Xa,....., Xp) > 2)
=1-[PX:>2)NP(Xy>2) N ........ NP (X,>2)]

=1-[] P(X>2) [+ X is are independent]

i=1

n

1- ] [1-P(X; <2)]

i=1

=1- H [1-F (2]

i=1

Where F is cumulative distribution function of random variable x;

n

=1-[] [1-@-e*")]

i=1

=1- f[ e
i=1

The cumulative distribution function of random variable Z is

)
G/ (z)=1-e ' /forz>0

The probability density function of random variable Z is

0,2) = %Gz(z) = (Zn: /Ljexp {[Zn: /”L,]z} forz>0

i=1

Theorem 2: The exponential distribution is a 'lacks memory' distribution i.e. if X is a exponential
random variable, then for every constant — > 0,

P(Y<x1X>c)=P (X<x)forall x, whereY =X-c.
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Proof: Let X = exp (X). Therefore probability distribution function of random variable X is

f)=re™;x>0

A
I

1
"
|

-— ¢ e A
_—“~X —_—

P(Y<XNX>)=P(X-c<xNX>q) [ Y=X-]
=P(X<Xx+cNX>0)

=P(c<X<x+Q)

\

X+C

j f (x)dx

C

X+C

I e dx

X+C

= j e dx

- e—Ck (1_e—7LX)
Also  P(X>c)= j f (x)dx = j detdx = [-eM ] =e
P(Y < xN X >c)

P(Y<x1IX>c)= P(X >0)
2C

_ efcl (1_ eflx)

=== = =1-¢
e—C/I

P(Y<x|X>c)=1-e™

Also P(X < X) = j f (x)dx = j A& dx
0 0
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= [—e‘“]: =1-e™ . 2

From (1) and (2), P(Y <X | X>c) =P (X<X)

Hence, exponential distribution is a lacks memory distribution.

The following examples will illustrate the idea more clearly:-
Example 1: A random variable X follow the following probability law

100 = 4 ;x>0
0 ; otherwise

Find (i) P(X<3) (i) Coefficient of Variation.
Sol. The random variable X has the following probability law
fx) = 4™ x>0 [Given]
0 ;otherwise

() P(X<3)= f f (x)dx = T 4edx = [—e“‘X]3
0

0
0

- [e—lZ _ eO]
=1-e*
(i) Coefficient of variation (C.V.) = S—D
Mean

Mean = E(X) = j xf (X)dx = j xde dx
0

0

=4{x e” —e_Ax} - 4{0—{0—iH -1
(-4 16 | 16| 4

Also  E(X) = [ xf(x)dx =4 j x%e *dx
0 0

B —4X —4X —4X ®
R Y I L 1
-4 16 ) “(-64)]

-4 0—{0—0+ 2 H:i
I (-64) 8

Variance = E(x2) - [E(X)]3
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and thus standard deviation S.D. = </Variance = %
Coefficient of variation = S_D = 1/_4 =
ean 1/4

Example 2 : The daily consumption of petrol in Delhi in excess of 50,000 liters is distribution as

exponential with parameter A = . The city has stock of 30,000 liters of petrol. Find the

10,000
probability that there is shortage of petrol on a particular day.

Sol. : Let x be the random variable represents the consumption of petrol on a particular day in
Delhi. Since, given the daily consumption of petrol in excess of 50,000 liters is follows

exponential distribution with parameter A = . Therefore, the probability law for random

10,000
variable x is

1 6710,200 x>0
P(x) = 110,000

0 , otherwise

.. Required probability = P (there is a shortage of petrol)
= P (Consumption is more than 30,000 liters)
=P (x > 30,000)

0

p(x)dx

30,000

= T 1 eflo':mdx.
2100 10,000

Example 3 : What are the p.d.f., the mean, and the variance of x, if the m.g.f. of x is given by

Mt) = — = t< i

1-3t 3

. . 1 _ 2k
Sol. Given the random variable x has the m.g.f. M(t) = 3

Wik
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It is of the form % where A = % the m.g.f. of the exponential distribution with
1
parameter A = 3

Therefore by uniqueness theorem on m.g.f. of the random variable x follows exponential

distribution with parameter A = %
f)=re™0<x<ow

ie. f(X)Z%e_3;0§X<oo

Mean (x):l = i =3
A 1/3
1
and variance (x) = iz = > =9
A7 (13)

Example 4 : The mileage (in thousand of miles), which the car owners get with a certain kind of
tyres is a random variable having probability density function.

0-10e** ; x>0
f(x)= _ .
0 ;  otherwise
Find the probability that one of these tyres will last
(a) almost 5000 miles and (b) between 8,000 and 12,000.

Sol. : Let x be the random variable representing the mileage (in thousand miles) which a car
owner can get with a certain kind of tyres.

0-10e %% x>0
fx)= .
0 ;. otherwise

(a) Required probability = P (almost 5000 miles)
=P (x<5)

5 _[®° _0.10x
jo f(x)dx = jo 0.10e *1dx

_0.10x |3

e

D
=0.3935

(b) P (between 8,000 and 12,000)

=1-e°°=1-0.6065

0
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=P (8<x<12)

2 _ _0.10%
L f(x)dx = L 0.10e %%

_0.10x [12

e

=D |
=e?®-e"%=0.4493 - 0.3012
=0.1481

Self-Check Exercise

15.6

15.7

Q.1  Arandom variable x has exponential distribution with parameter A = 3. Find
0] P(x>4)

(i) Find S. D. and coefficient variation.

Q.2  Suppose that the life is a certain type of electronic component has an exponential
distribution with mean life of 500 hours. If x denotes the life of this component.
Suppose that the component has been in operation for 300 hours. Find the
conditional probability that it will last for another 600 hours.

Summary

We conclude this unit by summarizing what we have covered in it:

1. Defined exponential distribution.

2. Discussed in detail different properties of exponential distribution. Properties
discussed are distribution function, moment generating function, characteristic
function, cummulant generating function, Quartiles and mean deviation about
mean.

3. Discussed and proved some important theorems of exponential random
variables.

4, Some examples are given related to each topic so that the contents be clarified
further.

Glossary:

1. A continuous random variable x assuming non-negative values is said to follow
an exponential distribution with parameter A > 0, if its probability density function
is given by
00 ie™ o x>0

X) =
0 ; otherwise
2. The distribution function of exponential random variable is given by
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15.8

15.9

15.10

1-e™ x>0
Fx (X) = .
0 . otherwise

The characteristic Function of the exponential distribution about origin is given by

be (1) = ZGJ

r=0

Answer to Self Check Exercise

1

Ans.1 (i) Px>4)= =

e12

(i) SD.=

Wik

Coefficient of variation = 1

Ans. 2 (i) Required probability = conditional probability that it will last for another

600 hours = e®®

References/Suggested Readings

1.

Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.

Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9™ Ed., Academic Press, Indian
Reprint, 2007.

Terminal Questions

1.

If families are selected randomly in a certain thickly populated area and their
monthly income in excess of Rs. 4,000 is treated as exponential random variable

with parameter A = floo . What is the probability that 3 out of 4 families selected

in the area have income in excess of Rs. 5,0007?
What are the p.d.f., the mean and the variance of x if the m.g.f. of x is given by
3
M(t)= —,t<3.
(®) 31

Customers arrive in a certain shop according to an approximate poisson process
at a mean rate of 20 per hour. What is the probability that the shopkeeper will
have to wait more than 5 minutes for the arrival of the first customer?
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Joint Distribution

Structure
16.1 Introduction
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16.3  Joint Distribution
Self Check Exercise-1
16.4 Summary
16.5 Glossary
16.6  Answers to self check exercises
16.7 References/Suggested Readings
16.8 Terminal Questions
16.1 Introduction

In probability theory and statistics, the joint distribution refers to the combined probability
distribution of two or more random variables. It describes the likelihood of various combination
of values for the random variables occurring together. The joint distribution of two random
variables x an y is typically denoted as P(x, y) or f (X, y), depending on whether the variables
are discrete or continuous. For discrete random variables, the joint probability mass function
(PMF) gives the probability of each possible combination of values of x and y. For continuous
random variables, the joint probability density function (PDF) describes the relative likelihood of
different combinations of values for x and y. The individual probability distributions of the
random variables x and y can be obtained by summing/integrating the joint distribution over the
other variable. If the joint distribution factors into the product of the individual distributions, then
the variables are independent. Understanding joint distributions is essential for analyzing
relationships between multiple random variables, as well as for constructing and working with
multivariate probability models.

16.2 Leaning Objectives
After studying the Unit, you should be able to :

° Define two dimensional random variable.

o Discuss discrete and continuous cases of two dimensional random variable.

. Discuss and find joint distribution function for discrete case.

. Discuss and find joint distribution function and marginal density functions for

continuous case.
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16.3 Joint Distributions

The ideas an distribution developed previously can be easily generalised to two or more
random variables. To understand the idea of a Joint Distribution, we consider the typical case of
two random variables that are either both discrete or both continuous. Before proceeding
further, let us define a two dimensional random variable. Let x and y be two random variables
defined on the same sample space s, then the function (x, y) that assigns a point in R2 (x x R),
is called a two dimensional random variable.

We shall now consider discrete and continuous cases separately.

(a) Discrete Case : Let x and y be two discrete random variables. We define the joint
probability function of x and y b

PX=x,Y=y)=f(XY) (1)

where
() f(xy)>0
@M D> f(xy)=1

i.e. the sum over all values of x and y is one.

Suppose that X can assume any one of the m values X, Xa,....... , Xm @and y can assume
any one of the n values yy, Y, ...... , Yn. Then the probability of the event that X = x; and Y = yy is
given by

PXC=X, Y=Y = 06 Y) e (2)

A joint probability function for X and Y can be represented by a joint probability table as
below:

Y V1 R Yo Total
X 2

X1 f(xa, y1) fxuy) | e f(X1, Yn) fa(xa)

X2 f(x2, y1) [ y2) | e f(Xz, Yn) f1(x2)

Xm f(Xm, Y1) fmiy2) | e J(Xm, Yn) f1(Xm)
Total — fa(y1) fay) | e f2(yn) 1

The probability that X = x; is obtained by adding all the entries in the row corresponding
to x; and is given by




n

PX=x)=f10¢)- >, (X, %) e ©)

k=1

forj=1, 2, ..... , M, these are indicated by the entry total in extreme right hand column or
margin of the above table.

Similarly, probability that Y = y, is obtained by adding all entries in the column
corresponding to y, and is given by

P(Y = yi) = faly) = Zm: fxpyd) 4)

=1

fork=1, 2, ... , N, these are indicated by the entry total in the bottom row or margin of
the above table.

Since, the probabilities (3) and (4) are obtained from the margins of the table, we often
refer to f1(x) and f,(y«) [or simply fi(X) or fx(x) and f.(y) or fy(y)] as the marginal probability
functions of X and Y respectively. It should also be noted that

n

fx)=1,> fopo=1 .. (5)

k=1

M

I
U

]

which can be written

n

> fx.y)=1r L (6)

k=1

M

Il
N

J

This is simply the statement that the total probability of all entries is 1. The grand total of
1 is indicated in the lower right hand corner of the table.

The joint distribution function of X and Y is defined by
Fx, ) =PX<x, Y<y) =D > flyyvy) ... 7)

U<x vy
In the above table, F(x, y) is the sum of all the entries for which x;< x and y, <'y.

(b) Continuous Case : The joint probability density function for the random
variables X and Y (or, as it is more commonly called, the joint density function of X and Y) is
defined by

i)  fxy)=0 (i j j f (x, y)dxdy =1

—00 —00

Graphically z = f(x, y) represents a surface, called the probability surface, as shown in
the following figure.
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b/

/

b 4

The total volume bounded by this surface and the XY plane is equal to 1 in accordance
with property (ii) above. The probability that X lies between a and b while Y lies between c and d
is given graphically by the shaded volume of the figure and mathematically by

b d
Pa<X<b,c<Y<d)= j j f (x, y)dxdy ...(8)

X=a y=C

More generally, if it represents any event, there will be a region R, of the XY plane that
corresponds to it. In such case we can find the probability of A by the following integral.

P(A) = “ f (x, y)dxdy (9
RA
The joint distribution function of X and Y in the continuous case is defined by

X y
F(x,y) = P(X <X, Y <y) = j jf(u,v)dudv ....(10)

U=—00 V=—00
it is to be noted that
0°F
oxoy

i.e., the density function is obtained by differentiating the distribution function w.r.t. x and

= f(x, y) ...(12)
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From (11), we obtain

P(X < X) = F4(X) = j Tf(u,v)dudv ..(12)

U=—00 V=—00

o Y
and P(Y <y) = Fy(y) = j j fuvduav . (13)

U=—00 V=—000

We call Fi(x) and F,(y) as the marginal distribution functions, or simply the distribution
functions, of X and Y, respectively. The derivatives of (12) and (13) w.r.t. X and y are then called
the marginal density functions, i.e.

o0

_dR _
9 =" —v_f_wf(x,V)dv ..... (14)
dF. i
and - faly) = " 1= [ foyd (15)

it is to be noted that the individual distributions can be obtained from the joint distribution
but the converse is not true.

Further, we also use the notations fx(x) and gy(y) for f1(x) and f,(y) respectively.
The following examples will illustrated the idea more clearly:-

Example 1: For the following bivariate probability distribution of X and Y, find:

(@ PX<1,Y=2) (i) P(X<1)
(i)  P(Y<3) and (v) P(X<3,Y<4)
Y 1 2 3 4 5 6
X
0 0 0 1 2 2 3
32 32 32 32
N Y 1 1 1 1 1
16 16 8 8 8 8
2 | 1 1 1 1 0 2
32 32 64 64 64
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Sol: The distribution table can be written as

Y |1 2 3 4 5 6

X 2.
0 0 0 1|2 2 |3 |8
32 32 32 32 32
1 T 1 1 1 10
16 16 8 8 8 8 16
‘ 1oL 1 1 o 2 |
32 32 64 64 64 64

s & & jm B s |1 1

S 32 32 64 64 32 64

() P(X<1,Y=2)=P(X=0,Y=2)+P(X=1,Y=2)

.. - _ _ _ 8 10:7
(i) P(Xil)—P(X—O)+P(X_1)__32+16 .
_ _ - . 3.3 11:23
(iii) P(YS3)—P(Y—1)+p(Y_2)+p(Y_3)_32+32+64 2

(v) P(X<3,Y<4)=P(X=0,Y=1)+P(X=0,Y=2+P(X=0,Y=3)+P(X=0,Y=4)+
p(x:l,Y:1)+P(X=1,Y=2)+P(X=1,Y=3)+P(X:1’Y=4)+P(X=Z’Y:1)+P(X:2’
Y=2)+P(X=2,Y=3)+P(X=2,Y=4)

1 2 1 1 1 1 1 1 1 1) 9
S|t — |+ | =t [+ | —t+—+— | = —
(32 32) [16 16 8 8] (32 32 64 64) 16

Example 2: The joint probability distribution of random variables (X, Y) is given by

X 1 2 3 4 5 6
Y

0 0 0 1 2 2 3
32 32 32 32

1 1 1 1 1 1 1

16 16 8 8 8 8
2 1 1 1 1 0 2
32 32 64 64 64
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Find:

(i) P(X=2Y<1) iy P(Y<1)
(i)  P(X=3) V) P(X<3)
(v) P(X<4,Y<3)

Sol: The distribution table can be written as

X 1 2 3 4 5 6 z
Y X
° 0 0 12 2 3 8
32 32 32 32 32
T ! 1 1 10
16 16 8 8 8 8 16
2 |1 | L | 1 | 1 0 2 8
32 32 64 64 64 64
s | 2| 2 | u e |16 | 1
" 32 32 64 64 32 64
Now
() P(X=2,Y<1)=P(X=2Y=0)+P(X=2 Y—1)—o+i—i
T ' ’ 16 16
N 8 10 28
i PY<1D)=P(Y=0)+P(Y=1)= — + — = —
(if) (Y<1)=P( ) + P( ) 2 16
11
ii P(X=3)= —
(iii) ( ) o

i P14 =)+ P s S 3y 12
(v)  P(X<3)=PX=1)+PX=2)+PX=3)= =+ o+ = =
(v) P(X<4,Y<3)=P(X=1,Y=0)+P(X=1,Y=1)+P(X=1Y=2)+P(X=2Y=0)+
PX=2,Y=1)+P(X=2,Y=2)+P(X=3 Y=0)+P(X=3,Y=1)+P(X=3,Y=2) +{(X=4,
Y=0)+P(X=4,Y=1)+P(X=4,Y=2)

1 1 1 1 1 1 1 2 1 1
=|0+—=4+—=|+|0+—+— |+ | —+=F+— | +| —+=+—
16 32 16 32 32 8 64 32 8 64
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3 3 11 13 36
— + — + + = ===

32 32 64 64 64
Example 3: The joint probability distribution of two random variables X and Y is given by
1 1
P(X=0,Y=1)==,P(X=1,Y=-1)= =
( ) 3 ( ) 3

and P(X=1,Y=1):%

Find marginal distribution of X and Y

Sol: The joint probability distribution of two random variables X and Y is given as follows:

X 0 1 Z
Y X
1 1 1 2
3 3 3
-1 0 1 1
3 3
5 1 2 !
- 3 3

Now

Marginal distribution of X is

Y P(Y =)
1 2
3
-1 1
3
Total 1
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Marginal distribution of Y is

Y P(Y =)
1 2
3
-1 1
3
Total 1

Example 4: Determine the value of k for which the function given by p(x, y) =k xyforx=1,2,3
andy = 1, 2 can serve as joint probability mass function.

Sol: The probabilities for different values of X and Y can be written in the table as

X 1 2 3

Y
1 k 2k 3k
2 2k 4k 6k

For  p(x, ¥y) =k xy to be the joint probability mass function, we must have
DD P y)=1=k+2k+3k+2k+4k+6k=1
X y

= 18k =1

1

= k= —
18

Example 5: If the non-negative function g(x) has the property that
jg(x)dx =1
0

then show that
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f(X11X2): T X12+X22 ’O<X].<0010<X2<OO

0 , elsewhere

satisfies the conditions of being a probability density function of two continuous type
random variables X; and X..

Sol: Clearly f(x, X2) >0

Now, to find

i)
oo a6+

Put X1 =rcos0,X,=rsin0

Xm dX2

therefore, [J| =r. Also r varies from 0 to o0 and 6 varies from 0 to % :

Thus, we get

7

I

r=06=0

zr

2901 | 4 gp= 2 T 672 g(r)dr
4 r=0

g(r)dr =

0

2
T

I\J|§]
|| &y 8

r
by using given value.
Therefore, f(x1, X,) satisfies the conditions of probability density function.
Hence the required result

Example 6: For what value of k the function f(x,y) =kx (x-y)for0<x <1, -x <y <x s a joint
p.d.f. Also, find both the marginal probability density functions.

Sol: By def, for f(x, y) to be joint p.d.f., we must have

T T f(x,y)dydx=1

—00 —00

@
O ey

JX' f(x y)dydx=1
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= ﬁkx(x—y)dydx=1

—-X

1
=k [xpy-y [, dx=1
0

1
= k Ix(2x2)dx= 1
0

A

- kX =1
0
= 2—k:1
4
= k=2

Marginal p.d.f. of X = fx(x) = '[ f (X, y)dx

-n

= [20x-y)ay

X
—X

=2 Py~ y?
=2x(x®)=2x3;0<x<1

Similarly, Marginal p.d.f. of Y = gv(y)

= Jl' f(x y)dx= Jl.ZX(X— y)dx

:ﬂ;-x<y<x,0<x<1.
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Self Check Exercise

16.4

16.5

Q.1  The joint probability distribution of a pair of random variables is given by
X 0 1 2
Y

-1 0.1 0.1 0.2

0 0.2 0.1 0.1

1 0.1 0.1 0.0

Find (i) The marginal distributions of X and Y

(i) P(X+Y<2)
Q.2 Findksothat f(x,y) =kxy, 1 <x<y<2will be the probability density function.
Summary

We conclude this unit by summarizing what we have covered in it:

1. Defined two dimensional random variable.

2. Discussed in detail discrete two dimensional random variable case and find the
marginal probability function and joint distribution function of two random
variables.

3. Discussed in detail continuous two dimensional random variable case and find
the marginal density functions and joint distribution function of two random
variables.

4, Some examples are given related to each topic so that the contents be clarified
further.

Glossary:

1. Let X and Y be two random variables defined on the same sample space S, them
the function (X, Y) that assigns a point in R? (R x R) is called a two dimensional
random variable.

2. Let X and Y be two discrete random variables. Then the joint probability function
of Xand Y is given by P(X =X, Y =y) = f(X, y)
where f(x,y)>0 and > > f(xy)=1

Xy
3. The joint probability density function for the random variables X and Y is defined

by f(x,y)>0 and T T f(x, y)dxdy =1

—00 —00
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16.6 Answer to Self Check Exercise

16.7

Ans.1 (i) The marginal distribution of X is
X 0 1 2 Total
P(X=x) 0.4 0.3 0.3 1
The marginal distribution of Y is
Y -1 0 1 Total
P(Y=y) 0.4 0.4 0.2 1
(i) P(X+Y<2)=0.8
Ans. 2 k= E
5
References/Suggested Readings
1. Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.
2. Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.
3. Sheldon Ross, Introduction to Probability Model, 9" Ed., Academic Press, Indian

Reprint, 2007.

16.8 Terminal Questions

1.

The joint probability distribution of random variables (X, Y) is given by

X -1 1
Y

1 1 1
8 2
0 0 1
4
1 1 0

8

Find the marginal distribution of X and Y.
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2. Let the joint p.m.f. of X and Y be

X+y !
— 2. x=12,3y=12
pix.y)=1{ 21 y

0 , otherewise

3. A gun is aimed at a certain point (origin of the coordinate system) and because of
the random factors, the actual hit point can be any point (X;, X,) in a circle of
radius R about the origin. If the joint density of X; and X, is constant in this circle
given by

k, for X’ +x; <R?
0 , dsewhere

f(X1, X2) = {

Then (@) Compute k; and
(b) show that

2 )
fi(X1) = ﬁ{l_(ﬁj} ,for—-R<x <R

0 , dsewhere
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Unit - 17

Conditional Distribution

Structure
17.1 Introduction
17.2 Learning Objectives
17.3 Discrete Case
17.4 Continuous Case
Self Check Exercise
17.5 Summary
17.6 Glossary
17.7 Answers to self check exercises
17.8 References/Suggested Readings
17.9 Terminal Questions
17.1 Introduction

In probability theory and statistics, the conditional distribution refers to the distribution of
a random variable given the value of one or more other random variables. Formally, if we have
two random variables X and Y, the conditional distribution of Y given X = x is denoted as P(Y|X
= x) or f(y|x). The conditional distribution describes the probability or probability density function
of Y when the value of X is known. It provides information about the relationship between the
two variables and how the distribution of one variable changes based on the value of the other.
Conditional distributions are essential for drawing inferences about the relationship between
variables. They allow as to predict the likely values of one variable (the dependent variable)
based on the known values of the other variable (3) (the independent variable (1)). Conditional
distributions play a crucial role in Bayesian inference, where they are used to update the prior
beliefs about a parameter or a random variable based on observed data. Conditional
distributions can also help us model complex relationships between variables, especially in
multivariate settings.

17.2 Learning Objectives
After studying this unit, you should be able to:

. Discuss the conditional distribution for the case of two dimensional discrete
random variable

. Define conditional distribution function

. Discuss the conditional distribution for the case of two dimensional continuous

random variable
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17.3 Discrete Case

Let (X, y) be a two dimensional discrete random variable. Then the conditional discrete
density function or the conditional probability moss function of x, given Y =y, denoted by

fxy (Xly) or simply f (x/y) is denied as
Fxy (XIy) = Py (XIy)
_ P(X=xY=Y) _ f(x,Y)

(1)
P(Y =Y) f,(y)
Simply for y and given X = x, we have
P(X =x,Y =
fy/x (y/x) = Py/x (y/x) = ( P(XX: X) y)
_ fxy)
) f,(X) (2

It is to be noted that

fxy) _ 1 _
2y Ty = e
and f(xy)

f,(y)
Similarly (2) is also a probability function.

(y)

f, -1
f,(y)

>0 V X, y for which f,(y) # 0 and this (1) respondents a probability function.

17.4 Continuous Case

We firstly define the conditional distribution function and then differentiate to obtain the
conditional density function.

The conditional distribution function

F (y/x) (or Fyx (y/x)) denotes the distribution function of Y when X has already assumed
the particular value of x i.e.

J. _[ f (u,v)dudv
Fys (y/%) = P(Y <yl X = x) = Y=

j j f (u,v)dudv

U=X V=—owo

and a similar expression for Fyy(x/y).

The conditional probability density function of Y given X for two random variables X and
Y which are jointly continuously distributed is defined as follows for two real numbers x and y as:
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0
Fux(y/x) = — Fyx(y/x) =
oy

It can also be written directly as

®.y)
f,(x)

Where f(x, y) is the joint density function of X and Y and f;(x) is the marginal density
function of X.

Frux(ylx) =

Let us improve our understanding of these results by looking at some following
examples:-

Example 1: The joint probability distribution of a pair of random variables is given by

X 0 1 2
-1 0.1 0.1 0.2
0 0.2 0.1 0.1
1 0.1 0.1 0.0

Find the conditional distribution of X given Y =0

Sol: The probability distribution table can be written as

X 0 1 2 Z
Y X
-1 0.1 0.1 0.2 0.4
0 0.2 0.1 0.1 0.4
1 0.1 0.1 0.0 0.2
Z 0.4 0.3 0.3 1
y
Now, we have
P(X=xNY=0
P(X=xly=0)= ( N )
P(Y =0)
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P(X=0NY=0) _02 _1

P(X = 0/Y = 0) =

P(Y =0) 04 2
P(X=1Y = )
PX=1Y=0)= ( ny=0_01_1
P(Y =0) 04 4
P(X=2(Y = )
and  P(X=2v=0)= PX=20Y=0_01_1
P(Y =0) 04 4
conditional distribution of X given Y =0
XY =0 P(X =xly =0)
x=0/y=0 1
2
x=1ly=0 1
4
x=2ly=0 1
4
Total 1

Example 2: Find marginal p.m.f's of X; and X, whose joint p.m.f. is

0 1
0 1 1
12 6
1 1 1
4 4
2 1 1
8 20
3 1 0
120

Also find conditional distribution of X, given X; =0
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Sol: The distribution table can be written as

(i)

(ii)

X 0 1 2 Z
Y X
0 1 1 1 7
12 6 24 24
: 1 1 1 21
4 4 40 40
2 1 1 0 7
8 20 40
> 56 2 8 L
y 120 60 120
The marginal p.m.f. of X; is
X1 P(X1 = X1)
0 56
120
1 2
60
1 8
120
Total 1
The marginal p.m.f. of X, is
X, P(X2 = %2)
0 56
120
1 28
60
1 8
120
Total 1
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(iii) The conditional distribution of X, given X; =0

Xo/X;1=0 § -
o P(Xz=X/x;=0) = P(X,=%1X,=0)
P(X,=0)
X2 = O/Xl = 0 1
P(X,=0NX,=0) _ 1p _10
P(X,=0) 56 56
120
X2:1/X1=0 1
P(X,=1NX,=0) _ 4 _30
P(X,=0) 56 56
120
X2:2/X1=0 1
P(X,=2NX,=0)_ g _ 1
P(X,=0) 56 56
120
X2:3/X1=0 i
P(X,=3NX,=0)_120 _ 1
P(X,=0) 5 56
120
Total .

Example 3: If the joint p.d.f. of X and Y is given by

l(2x+ y);0<x<10<y<?2

p(x, y) =14
0

Find (i) marginal density functions

. otherwise

(i) the conditional density of Y given X = %

Sol: The joint p.d.f. of X and Y is given by

l(2x+ y);0<x<10<y<2

p(X, y) =14
0

. otherwise
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o0

£ = [ f(xy)dy

—0

212

Marginal density function of X is

y 1
= — [2Xy+—| = — (4x+2
4‘xy 2, 4( )
_2x+1
2
}(1()():2x+1;0<X<1

(ii)

Marginal density function of Y is

0= [ Ty [5@x+y)ox

0

1 1+y

== [X*+ =7
+

fz(y)=7y;0<y<2

(iii)

The conditional density of Y given X =

4

1
)z(uxww:4

flY=yNx=
et
_ éll[z(éllj+yJ _ (2y+1)
Z(ij+1 2

fYIX (y/x=%j= % 2y +1);0<y <2

Example 4: Given the joint density of X; and X, as
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f(X, X2) = % for x; >0 and x; > 0,
(1+x+%,)

=0, elsewhere

Find the value of k and the marginal densities of X; and X,. Also find the conditional
density of X; given that X, assumes the value x,.

Sol: We must have

PR
H(l+><l+><2)3dxldx?:1

1, % k :
or -k || ————— | dx =1
2 -ﬂ(l+xl+x2)2}0 %

1. ¢ 1

or - =k dx, =1
2 £(1+x1)2

or lk_[i =1
2 01+x10

or ik=1
2

or k=2

Now, the marginal density of X; is

fil) = [ FO6)g =2 [
0 0

[aso]
@+ % +%,)° |

forx; >0

@+ X1+X2)

S @+x)?
and 0, elsewhere

Similarly, it can be shown that the marginal density of X, is

1
Xp) = —, forx, >0
fa(%2) A+ %) 2
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=0, elsewhere

Further, the conditional density of X; given X, assumes the value x; is

= 2(1 + X1 + X2)° (1 + Xx2)?, for x1 > 0 and 0, elsewhere
Example 5: The joint probability function of the two dimensional random variable (X, Y) is given
by

8
—Xy;1<x<y<2
foxy)=19" Y

0 ; elsawhere
(1) Find the marginal density functions of X and Y
(i) Find the conditional density functions of Y given X = x and of X given Y =y.
Sol: Given, the joint p.d.f. of random variable's (X, Y) is

8
—Xy:1<x<yl<y<?2
% y) = 9xy y y

0 ; dsawhere

0] Marginal density function of X = fx(X)

o 28
= [ T0euydy= [Sdydy

—o0 1

* 8 (3} 2
.9 \4) 3

(i) Marginal density function of Y = gv(y)

2

y

8
==X
9 2

[e¢]

= jf(x,y)dx
%8 8 x|
= —_ d)(:_ _
{9xy 9’ | 2],

= gy(yz-l);lsySZ

(iii) Conditional density function of Y, given X = x
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(iv)

8
f(x, oY 4
Fux (yx) = ( y)=g——=—y;lsy52
f,(X) EX 3
3
Conditional density function of X given Y =y
8Xy
f (X, 9 2X
gun(dy) = W) =97 - 2X g yqy

4 T Vo1

Self-Check Exercise

17.5

17.6

Q.1  The joint probability mass function of discrete random variable's (X, Y) given by
p(1,1) = 0.5, p(1,2) =0.1, p(2,1) = 0.1, p(2,2) = 0.3
Find Conditional p.m.f. of X given Y = 1.
Q.2 Obtain the marginal and conditional probability functions, if the joint density
function is
2(2-x-y);0<x<y<1
fxy) = _
0 ; elsewhere
Summary

We conclude this unit by summarizing what we have covered in it:

1. Discussed the conditional distribution for the case of two dimensional discrete
random variable and find the formulae for conditional discrete density function or
the conditional probability mass functions of X, given Y, and for Y given X = x.

2. Defined conditional distribution function.
Discussed the conditional continuous random variable.

4. Some examples are given related to each topic so that the contents be clarified
further.

Glossary:

1. If we have two random variables X and Y, the conditional distribution of Y given X
= x is denoted as P(Y/X = x) or f(y/x).

2. The conditional distribution function F(y/x) (or Fyx) denotes the distribution
function of Y when X has already assumed the particular value of x.

3. Conditional probability mass function of X, given Y =y, denoted by fxv(x/y) or

simply f(x/y) is defined as
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P(X=xY=y) _ f(xy)
P(Y =Yy) f,(y)

17.7 Answer to Self Check Exercise

Fxv(Xly) = Pxy(xly) =

Ans.1 Conditional p.m.f. of X given Y =1 is

XY =1 Pl[(X=xNY=1
P(X=xly=1) = [(X=xNY=1)]
P(Y =1

x=0/y =1 5
6
x=1ly=1 1
6
Total 1

Ans. 2 Marginal probability function of X
=3x*-6x+3,for0<x<1
and 0, elsewhere
Marginal probability function of Y
=4y -3y’ forO<y<1
and 0, elsewhere
Conditional density function of Y given X
é%fgi%,osysl
and conditional density function of X given Y,
2(2—-x-Yy)
4y-3y°

(0O<x<1l)is

(0O<y<1l)is ,0<x<1

17.8 References/Suggested Readings

1. Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.

2. Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.
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17.9 Terminal Questions

1.

If a two-dimensional random variable (X;, X;) have a bivariate distribution given
by

f(X1, Xo) = 2—17 (2x%1 + X»)

Where x; and X, can assume only the integer values 0,1,2.
Then find the conditional distribution of X, for X; = x;
Two discrete random variables X and Y have the joint probability function as

XA Y (1_ X-y
f(x,y)=}Le P’ (1-p) ;y=0,1,2,.... ,X=0,1, 2,.......

ypx-y

where A, p are constants with A >0and 0<p < 1.

@) Find the marginal probability functions for X and Y.
(b) Find the conditional probability functions for X and Y.
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Unit - 18

Stochastic Independence

Structure

18.1 Introduction

18.2 Learning Objectives

18.3 Stochastic Independence-Definition

18.4 Theorem On Stochastic Independence
Self Check Exercise

18.5 Summary

18.6 Glossary

18.7 Answers to self check exercises

18.8 References/Suggested Readings

18.9 Terminal Questions

18.1 Introduction

Stochastic independence is a fundamental concept in probability theory and statistics. It

describes a situation where the occurrence or non-occurrence of one random event does not
influence the probability of another random event. In other words, if two events are
stochastically independent, the knowledge of one event occurring or not occurring does not
provide any information about the liklihood of the other event. Formally, two events A and B are
said to be stochastically independent if the probability of their joint occurrence is equal to the
product of their individual probabilities. Stochastic independence is a stronger condition than
uncorrelation, which only requires the correlation coefficient between the two events to be zero.
When events are stochastically independent, it simplifies the calculation of probabilities, as the
joint probability can be expressed as the product of individual probabilities. Stochastic
independence is an important assumption in many statistical techniques, such as hypothesis
testing, regression analysis, and time series analysis.

18.2 Learning Objectives

After studying this unit, you should be able to:

. Define stochastic independence of two random variables
. Prove the theorem on stochastic independence of two random variables
o Do questions related to stochastic independence.
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18.3 Stochastic Independence Definition

Two random variables X and Y with joint probability density function (or probability mass
function) fxv(X,y) (or f(x,y)) and marginal probability density functions (or p.m.f. is) fx(x) and
gv(y) respectively are said to be stochastically independent if and only if

fxv(X, y) = fx(X) gv(y) Vv x and y i.e. two random variables X and Y are said to be
independent or stochastically independent if their joint probability function is equal to the product
of their individual probability functions.

Further, in terms of the distribution function, two jointly distributed random variables X
and Y are stochastically independent if and only if their joint distribution function F(x, y) is the
product of their marginal distribution function Fx(x) and Gy(y) i.e. Fxy(X,y) = Fx(x) Gv(y) V x and
y.

The variables which are not stochastically independent are said to be stochastically
dependent.

18.4 Theorem on Stochastic Independences

The random variables X and Y with joint probability density function fxy(x, y) are
stochastically independent if and only if fxy(x, y) can be expressed as the product of a non-
negative function of x alone and a non-negative function of y alone i.e. if

fxv(X, y) = hx(X), ke(y) . (1)
where Hy(X) >0 and ky(y) >0 ¥V xand y.
Proof: If X and Y are independent, then by definition
XY(X, y) = fX(X).gYly) ... 2

where f«(x) and gv(y) are the marginal probability density function of X and Y
respectively. Thus the condition (1) holds, then we have to prove that X and Y are independent
i.e. we have to show that

Txv(X, y) = fx(X) gv(y)
i.e. the joint probability function is equal to the product of individual probability functions.

Now, for continuous random variables X and Y, the marginal probability density functions
are given by:

0

K= Txy)dy= | hOok(y)dy

—00

=h(x) [ k(y)dy

= ¢; h(x), where c; = T k(y)dy ... (3)

—00
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o0 0

and  guy) = [ f(xy)dx= [ h()k(y)dx

—o0 —00

=k@y) | h(dx

0

c, k(y), say where ¢, = I h(x)dx

—00

Here c; and ¢, are constants independent of x and .
Moreover,

T T f(x, y)dxdy=1 = T Th(x)k(y)dxdy:l

- U h(x)de ( j k(y)dyj =1
= cc,=1 .. (5)
Since [By (3) and (4)]
Fxv(X, Y) = hx(X) ky(y) = €1 €2 hx(X) ky(y)
= [c1hy (X)] [c2ky (V)]
= fx(X) gv(y)

where fx(x) is the marginal probability density

[ f(x,y) = h(x) k(y)]

function of X and gy(y) is the marginal probability density function of Y.

= X and Y are stochastically independent.

The following examples will illustrate the idea more clearly:-

Example 1: The joint density function of (X, Y) is

Ae”Y;0<x<y,0<y<w
X, y) =
Joy) { 0 ; otherwise
() Determine A

(i) Find the marginal density function of X
(iii) Find the marginal density function of Y

(iv) Examine if X and Y are independent

(V) Find the conditional density function of Y given X =2

Sol: The joint density function of (X, Y) is given by
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AeY;0<x<y,0<y<w
0 ; otherwise

ﬂxw={
0] Since f(x, y) is the joint density function of (X, Y), we must have

T T f(x y)dxdy=1

= Aijzl

= A=2
(i) Marginal density function of X = f; (x) =

0

:j uxwsz%ﬂww

—00

=2[0 + e
=2°%,0<x<y,0<y<w

(iii) Marginal density function of Y = f,(y)

0

=j f (X, y)dx

—00
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y e—(X+y) y
= [2e 0 =2
X

0
=2[-e¥+e;0<y<w

(iv)  Since f(x,y) = fi(x) f2(y)
Therefore X and Y are not independent

(V) Conditional density function of Y given X =2 is

[F(X Yy, _ 267
f(X=2) 222

F(YIX=2)=

=e?:0<y<w
Example 2: The joint density function of the random variables X and Y is given by
8xy,0<x<1,0<y<x
0 ; otherwise

fxy) = {

(a) Find the marginal density of X

(b) Find the marginal density of Y

(c) Find the conditional density of X given Y
(d) Find the conditional density of Y given X
(e) Check whether X and Y are independent.

Sol:  (a) To obtain the marginal density of X, we fix x and integrate w.r.t. y from 0 to x

e, fx(X) = j 8xydy=4xfor0<x <1

y=0
and for all other values of x, fx(x) =0
(b) Similarly, the marginal density of Y.

1
oy) = | 8xydy=4y(1-y),0<y<1

x=y
and for all other values of y, gy(y) =0

(© The conditional density function of X is, forO<y <1

2X <x<1
f(xy) _ 1_y2,y_x_

Fv(Xly) =
5. |,

;. otherwise

where gy(y) #0
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(d) Similarly,

2
fxy) _ X—Z;Os y<Xx

vix(Y/X) =
Jrx(y/x) g, (%)

0 ; othery
where fx(x) = 0
(€)  Here f(x,y) =8xy, fx(X) = 4x°, gv(y) = 4y (1 - ¥))
Therefore, f(x, y) # fx(X) gv(y) and hence X and Y are dependent i.e. not independent.

c +e4):0<(x,%)? <1
Example 3: Let f(x;, Xo) = (4%, +€%) (Xl_ %,)
0 ; otherwise
(1) Determine ¢
(i) Examine whether X; and X, are stochastically independent

Sol: The joint probability function of variables X; and X, is given by

c(x X, +€%);0< (%, %,)* <1
0 ;: otherwise

(X1, X2) = {
Since f(x1, Xp) is the probability function. Therefore, we must have

T j F (3, %)dx dx, =1

—00 —00

= ﬁc(xlx2 +e%)dxdx, =1

1 2 1
= cJ‘ {%xz+exl} dx, =1
0

1

= CI [%+eljdx2=1
o4 1

= (o X—+e>(2} =1

4 0

270



" X
f(X1, X2) = 11+ 4e(X1X2+e)O<(X1 %) <1

0 ; otherwise

(i) The random variables X; and X, are statistically independent if
f(Xq, X2) = fx1 (%) fx2 (X2)

ie. the joint probability function is equal to the product of marginal probability functions.
The marginal probability function of X, = f, (x1) = I f(x,%,)dx,

-0
1

e, f, (x)= j

0

Me{ ]

[);1+e"1} 0<x,<1

n 463( XX, +€%)dx,

T 1+4e

The marginal probability function of X, = fx2 (x2)

0

= [ f(x%)dx

—0
1

e, f, ()= j

0

_ 4 Kﬁ j }Oqlq
1+4e 2

Since  f(Xq, Xp) # fx1 (x1) fy, (x2)

n 48( X%, +6,)dx

Variables X; and X, are not stochastically independent.
Example 4: Let random variables X; and X, have the joint probability density function

12x,%,(1-x%,);0< x, <1
f(X]_,Xz): O<X2<1
0 , €esewhere

Show that the random variables are independent.
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1
Sol: Here f1(X0) = I 12, %, (1-x;)dx,
0

=12 x4

falo) = | 12X (1= %)
0

= 12X, (1 - X2) |:%2j|

0
1
= 12X, (1 - X2) E

=6Xz (1 -x2)

By using these values, we conclude that
(X1, X2) = f1 (X1) fa(x2)

Hence, the random variables X; and X, are independent

Example 5: The random vriables X and Y are jointly distributed as

[ y)=e®, x>0,y>0

(a) Are X and Y independent?

(b) Find P(X > 1)

(© Find P(X < Y/X < 2Y)

(d) Find P <X +Y<2)

Sol: Here fx(X) J ef(”y)dy:e'xf eVdy=e*
y=0 0

00

and  fy(y) = _[ e Vdx= e'yI e *dx=e”
0

x=0
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(@  Here f(x,y)=e*"=(e”) (e
= x(X) 1Y)
which implies that X and Y are independent

[e¢]

() P(X>1)= [ f,(x)dx= T edx = {XJ

1 —

(c) PX<Y/IX<2Y)
P(X <YN X <2Y)
P(X < 2Y)
_ PX<Y)
~ P(X <2Y)

o Y
Now, P(X <Y) = I j e Ydxdy

y=0 x=0

[ [foado

y=0

- T e”’(e”? -Dady

y=0

Il
—
R
N2
+
@,

<
L
o 8
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o 2

y
and P(X<2Y)= I Ie‘(“y)dxdy

y=0 x=0

o0

| ey“exdx} dy

y_

j eV (e?-1) dy

y=0
—3y ©
= e—+e7y =1- } = g
-3 o 3 3
Therefore, P(X < Y/X < 2Y) = 12 _3
213 4

d) PAL<X+Y<2) = f(x y)dxdy + jj f (x, y)dxdy

i,
b =27/

Hzx (X, y)dy} dx + j [Zj f(x, y)dy}

1

el feffoo]
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— X — X

1 2
[ @2 e+ [ S @) dx
] ) 1

= (e?- e j 1k | (e7—e ")k

0

-(e2-eh [x]z - [e’z + e’X]f
3

e2

oIN

Self-Check Exercise

Q.1  The joint probability density function of a two-dimensional random variable (X, Y)
is given by

2,0<x<1,0<y<X
0 , dsewhere

fxy) = {

(a) Find the marginal density functions of X and Y.
(b) Find the conditional density function of Y given
X = x and conditional density function of X given Y =Y.
(© Check for independence of X and Y.
Q.2 Let X; and X, be jointly distributed with probability density function
f(X1, X2) =X+ X, 0<x,<1,0<X%x,<1
=0, elsewhere

show that the random variables X1 and X2 are not independent.
18.5 Summary

We conclude this unit by summarizing what we have covered in it:

1. Defined stochastic intendance of two random variables.

2. Discussed stochastic independence of two random variables in detail.

3. Proved the theorem on stochastic independence of two random variables.

4. Examples are given related to each topic so that the contents be clarified further.

18.6 Glossary:

1. Two random variables X and Y with joint probability density function (or
probability mass function) fxy(x, ¥) (or f(x, y)) and marginal probability density
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functions fx(x) and gy(y) are said to be stochastically independent if and only if
Fxv(X, y) = fx(X) gv(y) V x and y.

2. Two jointly distributed random variables X and Y are stochastically independent if
and only if their joint distribution function F(x, y) is the product of their marginal
distribution function Fx(x) and Gy(Y) i.e. Fxv(X, ¥) = Fx(X) Gy(y) V x and y.

18.7 Answer to Self Check Exercise

Ans.1 (a) The marginal probability density function of X is fx(x) = 2x,0<x<0

=0, other x.
The marginal probability density function of Y is
ov(y) =2(1-y),0<y<1
=0, othery

(b) The conditional density function of Y given X,
O <x<D)is fuslyh) = ,0<y <X
The conditional density function of X given Y,
O<y<Dis futaly) = P = Dy o<

o(y) 1-y
(© X and Y are not independent
ANs.2 f(Xg, X2) = X1 + X, 0<x;<1,0<x,<1

=0, elsewhere

fi(X)) = x4 + %,0<x1<1
=0, elsewhere

fa(x2) = % +X%,0<x,<1
=0, elsewhere

J(X1, X2) # f1(X1) fa(X2)
X and Y are not independent

18.8 References/Suggested Readings
1. Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to

Mathematical statistics, Pearson Education, Asia, 2007.
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2. Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

3. Sheldon Ross, Introduction to Probability Model, 9™ Ed., Academic Press, Indian
Reprint, 2007.

18.9 Terminal Questions

1. The joint probability function of two discrete random variables X and Y is given by
c (2x+Y),0<x<2,0<y<3
fxy) =
0 , elsewhere

@) Find the value of the constant
(b) Find P(X=2,Y=1)
(©) Find P(X>1,Y<2)
(d) Find the marginal probability function of X
(e) Find the marginal probability function of Y
® Find f(y/2)
(9) Find P(Y =1/X=2)
(h) Show that X and Y are dependent
2. Let X; and X, be jointly distributed with probability density function

1
Z(1+X1X2),IX1I<1IX2I<1
0 , dsawhere

f(X1, %) =

Show that X; and X, are not independent whereas Xf and X22 are independent.

3. Given the independent random variables X;, X, and X3 with probability densities:-
N
o 00
00 {3 i

Find P(X; + X2 <1, X3>1)
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Expectation of Function of Two Random Variables

Structure
19.1 Introduction
19.2 Learning Objectives
19.3 Bivariate Expectation Definition
19.4 Theorems of Expectation
Self Check Exercise
19.5 Summary
19.6 Glossary
19.7 Answers to self check exercises
19.8 References/Suggested Readings
19.9 Terminal Questions
19.1 Introduction

Bivariate expectation, also known as the expected value of a bivariate random variable,
is a fundamental concept in probability and statistics that deals with the joint distribution of two
random variables. It is a generalization of the univariate expectation, which is the expected
value of a single random variable. In the case of a bivariate random variable (X, Y), the bivariate
expectation is denoted as E[XY] and is defined as the average or expected value of the product
of the two random variables, X and Y. In probability and statistics, bivariate expectation is an
essential concept. It helps in understanding the relationship between two random variables and
their joint distribution. It is used in the calculation of covariance and correlation, which are
measures of the linear relationship between two random variables. It is a fundamental building
block for more advanced statistical concepts, such as regression analysis and multivariate
analysis.

19.2 Learning Objectives
After studying this unit, you should be able to:

. Define bivariate expectation

. Prove addition theorem of expectation for two random variables

. Prove multiplication theorem of expectation for two random variables

. Prove theorem of expectation of a linear combination of random variables
. Prove some other important theorems of two random variables.
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19.3 Bivariate Expectation-Definition

Let f(x, y) be a function of two dimensional random variable. (X, Y) and p(x, y) denotes
the joint p.m.f. or joint p.d.f. of random variables (X, Y). The joint expectation of function f(x, y_
of two random variables (X, Y) is denoted by E[f(X, Y)' and is defined as

D (% y)p(x, y);if X andY arediscreter rv.'s
i
E[f/(X, Y)] = < « «
[ (% y)p(x, y)dxdy;if X andY arecontinuousr v.'s
provided exist.
19.4 Theorems of Expectation
Theorem I. Addition Theorem of Expectation
If X and Y are random variables, then
E(XX +Y) = E(X) + E(Y)
provided all the expectations exist.

Proof: Let X and Y be continuous random variables with joint p.d.f. h(x, y) and marginal
probability density functions f(x) and g(y) respectively. Then by definition

9]

f®) = | h(x,y)dyand g(y)

—00

['e]

IM&WW
and EX)= Txf(x)dx ..... 1)
and  E(Y) = j ygiydy ... )

E(X+Y)= T T (x+ y)h(x, y)dxdy

—00 —00

o 0

= J’ I xh(x, y)dxdy + T T yh(x, y)dxdy

—00 —0 —00 —00

= T xﬁ h(x, y)dy} dx + T yﬁ h(x, y)dX} dy

—0 —0 —00 —0
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= [xtock + [ ya(y)ay

= E(XX +Y) = E(X) + E(Y)
Hence the result

Generalization: The mathematical expectation f the sum of n random variables is equal to the

sum of their expectations, provided all the expectations exist. Symbolically, if X;, X;, ....., X, are
random variables, then
E(X1 + X+ ... + Xn) = E(Xy) + E(Xp) + ....... + E(X))

or E{Z Xi} = Y E(X,), if all the expectations exist.
i=1

i=1
Theorem II: Multiplication Theorem of Expectation
If X and Y are independent random variables, then E(XY) = E(X) E(Y)
Proof: Let h(x, y) be the joint probability density function of X and Y.

Let f(x) and g(y) be the marginal probability density functions of X and Y respectively.
Since X and Y are independent, therefore,

h(x, y) = f(x) g(y) (1)

E(XY) = T Txyh(x, y)dxdy

—00 —00

I _[ xy f(x)g(y)dxdy [ X, Y are independent]

—00 —00

[ xf(ax | ya(yay

= E(XY) = E(X) E(Y)
When X and Y are independent
Hence the result

Generalization: The mathematical expectation of the product of a number of independent
random variables is equal to the product of their expectations i.e. if X1, X2,...... , Xn are n
independent random variables then

E(Xl, Xz, ..... , Xn) = E(Xl) E(Xz) ...... E(Xn)

ie. E(H xi] = [TE(X)
i=1 i=1
provided all the expectations exists.
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Theorem llI: Expectation of a Linear Combination of Random Variables

If X4, Xo, ..... , Xn be any n random variables and if a;, ay, ........ , 4, are an n constants,
then

E {Za Xi} = > a(X;), provided all the expectations exist.
i=1 i=1

Proof: Since E(a X) =a E (X)

g E(X%) = TE(K)

(aXx)= > aE(X)
=1
Hence the result

i i=1

Theorem IV: If X and Y are two random variables s.t. X > Y, then E(X) > E(Y), provided that
the expectations exist.

Proof: Since X>Y, .. X-Y>0
Hence, E(X-Y)>0 [+ if X>0then E(X) > 0]
Since E(X - Y) = E(X) - E(Y)
E(X-Y)>0
= E(X)-E(Y)>0
= E(X)=E(Y)
Theorem V: |E(X)| < E|X|, provided all the expectations exist.
Proof: By Theorem IV, we note that since
E(X) < EIX], X < [X]

and -X<|X . D
= E(-X) < E[X]
ie. -E)<EX L (2)

from (1) and (2), we get
Max {E(x), - E(X)} < E|X]

= [EX[<E[X|

Theorem VI: If X and Y are independent random variables, then
E[h(X). k(Y)] = E[h(X)] E[k(Y)]
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where h is a function of X alone and k is a function of Y alone, provided expectations on
both sides exist.

Proof: Let f1(x) and f»(y) be the marginal probability density functions of X and Y respectively.
Since X and Y are independent, their joint probability density function f(x, y) is given by

) = f1(x) fa(y)
By definition

EIO) k()T = | [ hOOk(y) f (x, y)dxdy

—00 —00

- T Th(X)k(y) f,(x) f,(y)dxdy

—00 —00

Since E[h(X) k(Y)] exists, the R.H.S. is absolutely convergent and thus the order of
integration can be changed to get

E [(X) k(¥Y)] = [ [ h(3) fl(x)dx} { [ k(y) fz(y)dy}

—00 —0

= E [h(X) k(Y)] = E [n(X)] E [k(Y)]
Hence the result
Let us consider the following examples to clear the idea:

Example 1: Show that the expected value of X is equal to the expectation of the conditional
expectation of X given Y. Symbolically,

E(X) = E{E(X/Y)}
Sol: We shall prove this result for discrete case.

By definition

E{E(X/Y)} = E{pr(x =x1Y= yo}

_ P(X:)ﬁﬂY:yj)
{Z& P(Y =Yy;) }

= ZJ{Z{X P(X=xMNY= yj)H POY=y)

i P(Y:yj)
=2 % xP(X=xNY=y))
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z{ zp<x=mv=yj>H

= > xP(X=x)

j
= E(X)

Hence the result

Example 2: Let A and B be two mutually exclusive events, then

P(A)E(X / A) + P(B)E(X / B)

E(X/AuUB) = P(AUB)
Sol: By definition
1
E(X/AuUB) = P(X=x) . 1
(X/AUB) P(AUB)%B)‘ (X=x) (1)

Fince A and B are mutually exclusive events,

>, XP(X=x) =3 xP(X=x)+ > xP(X=x)

x eAUB % €A x B

Using this in (1), we have

1
E(X/AuB) = P(AUB) Xize';\)gp(x :)§)+)§3)§p(x :)ﬁ)
1 2XP(X=x) 2 %P(X=x)
= P(A) X €A + P(B) -
P(AUB) P(A) P(B)
E(X/AUB) = P(A)E(X/A) +P(B)E(X/B)

P(AUB)

Hence the result

Example 3: The joint probability distribution function of two discrete random variables X and Y
is given by

2X+Y

f,y)=4 &
0 : dsawhere

;0<x<2,0<y<3
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Find
() E(X) (i) E(Y) (iii) E(XY)
(iv)  E(X?) V) E(Y?)

Sol: (HEMX) = Y > xf(xy) = ZX[Zf(X,y)}

2

3 x(2x+y)
22" 5

=0 y=0

2 2X 2X+1 2x+2 2x+3
=) x|+ + +
- 42 42 42 42
{2x+6}
v 42

—0. 2 4 18,522

42 42 T 42

58 _29
42 21

iy EMW=DDyf(xy) = Zy{Zf(x, y)}

x

M

284



-

_ Z 0+ (2x+1) N 2x(2x+ 2) N 3x(2x+3)
~ | 42 42 42

_ i [ 12x° +14x o, 12414  48+28
S| @ 42 42
102 17

= — 4+ —
42 7

iv) EX)=DD Xfxy=Y X {Z f(x, y)}

X

—2 8 gz 14,2 2
42 42 42
2 17
42 7
V) EM)=D D Vixy =) Y {Z f(x y)}
Xy y X
= 0% il + 12 9 + 22, E+32.E
42 42 42 42
_ 1o
42
_ 32
7

Self-Check Exercise

Q.1  The joint density function of two continuous random variables X and Y is given by

2+ y;2< Xx<6,0<y<5
fxy)=49 210
0 ; €esewhere
Find
(i) E(X) i)  E(Y) @iy  E(XY)
(iv)  E(X) (iv)  E(Y)

Q.2 If X and Y are two random variables s.t. X > Y, then prove that E(X) > E(Y),
provided that the expectations exists.
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19.5 Summary

We conclude this unit by summarizing what we have covered in it:

© g > w NP

Defined joint expectation of function f(x, y) of two random variables (X, Y).
Proved addition theorem of expectation of two random variables.

Proved multiplication theorem of expectation of two random variables.

Proved theorem on expectation of a linear combination of random variables.
Proved some other important theorems of expectations of two random variables.

Some examples are given related so that the contents be clarified further.

19.6 Glossary:

1.

3.

Let f(x, y) be a function of two dimensional random variable (X, Y) and p(x, y)
denotes the joint p.m.f. or joint p.d.f. of random variable (X, Y). The joint
expectation of function f(x, y) of two random variables (X, Y) is denoted by E[f(X,
Y)] and is defined us

D> f(xy)p(x.y);if Xand Y arediscreter.v.'s
T

E[fX Y)] =19 % «
J. f(x,y)p(x,y)dx dy;if X andY arecontinuousr.v.'s

—00 —00

If X and Y are random variables, then E(X + Y) = E(X) + E(Y), provided all the
expectations exist.

If X and Y are independent random variables, then E(XY) = E(X) E(Y)

19.7 Answer to Self Check Exercise

: 268 N 170 80
Ans.1 — — —
s.1 (i) 53 (ii) 63 (iii) 7
: 1220 1175
™ e M 6

19.8 References/Suggested Readings

1.

Robert V. Hogg, Joseph w. Mckean and Allen T. craig, Introduction to
Mathematical statistics, Pearson Education, Asia, 2007.

Irwim Miller, Marylees Miller and John E. Freund, Mathematical Statistics with
Application, 7" Ed., Pearson Education, Asia, 2006.

Sheldon Ross, Introduction to Probability Model, 9™ Ed., Academic Press, Indian
Reprint, 2007.
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19.9 Terminal Questions

1. Let X and Y be two random variables each taking three values -1, 0 and 1, and
having the joint probability distribution.

X -1 0 1 Total

Y

-1 0 0.1 0.1 0.2

0 0.2 0.2 0.2 0.6

1 0 0.1 0.1 0.2

Total 0.2 0.4 0.4 1.0

Show that X and Y have different expectations.

State and prove addition theorem of expectation.

If Xq, Xo, onneee. , Xn be any n random variables and if a;, a,, ..... , @, are any n

constants, then prove that

E{Z ajxi} = > aE(X;), provided all the expectations exist.
i=1

i=1
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Unit - 20

Covariance, Conditional Expectations and Conditional

Variance

Structure

20.1 Introduction

20.2 Learning Objectives

20.3 Covariance

20.4 Variance of a Linear Combination of Random Variables

20.5 Conditional Expectation And Conditional Variance
Self Check Exercise

206  Summary

20.7 Glossary

20.8 Answers to self check exercises

20.9 References/Suggested Readings

20.10 Terminal Questions

20.1 Introduction

Covariance is a measure of the strength and direction of the linear relationship between
two random variables. It is defined as the expected value of the product of the deviations of two
random variables from their respective means. The covariance can take positive, negative or
zero values, indicating a positive, negative or no linear relationship between the variables,
respectively. It is useful in portfolio optimization, risk management and multivariate statistical
analysis.

Conditional expectation is the expected value of a random variable given the value of
another random variable or set of random variables. It is a powerful tool in statistical inference
as it allows us to make predictions about one variable based on the information provided by
another variable. It is also used in the calculation of conditional variance and the derivation of
regression models.

Conditional variance is the variance of a random variable given the value of another
random variable or set of random variables. It measures the spread or dispersion of the
distribution of X around its conditional mean, given the value of Y.

These concepts are fundamental in probability theory, statistics and many areas of
applied mathematics and data science. Understanding and applying them effectively can
provide valuable insights and enable more informed decision making.
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20.2 Learning Objectives
After studying this unit, you should be able to:

o Define covariance

. Discuss properties of covariance

o Prove theorem of variance of a linear combination of random variables

. Define conditional expectation and conditional variance for discrete random
variables

o Define conditional expectation and conditional variance for continuous random
variables.

20.3 Covariance

Definition: If X and Y are two random variables, them the covariance between them is
defined as

Cov(X, Y) = E[{X - EX)}{Y - E()}]
provided the expectations exist
Properties of Covariance
Property I: Cov (X, Y) = E(XY) - E(X) E(Y)
Proof: Cov (X, Y) = E{X - EXX)}{Y - E(Y)}]
= E[XY - XE (Y) - YE (X) + E(X) E(Y)]
= E(XY) - E(X) E(Y) - E(Y) E(X) + E(X) E(Y)
= Cov (X, Y) = E(XY) - E(X) E(Y)
Hence the result
Cor.: If Xand Y are independent, then
E(XY) = E(X) E(Y)
Cov (X, Y) = E(XY) - E(X) E(Y)
= E(X) E(Y) - E(X) E(Y)
=0
= Cov. (X, Y)=0
Property Il: Cov (aX, bY) =ab Cov (X, Y)
Proof: Cov (aX, bY) =E[{aX - E(aX)} {bY - E(bY)}]
= E[a{X-E(X)} b {Y - E(Y)]]
= abE [{X - E(X)} {Y - E(Y)}]
=ab Cov (X, Y)

289



i.e. covariance is not independent of scale.

Property lll: Cov (X +a, Y + b) =Cov (X, Y)

Proof: Cov(X+a,Y+b)=E[{(X+a)=EX+a} [{(X+Db)-E(X+b)}]
=EfX+a-E(X)-a}{Y +b-E(Y)-b}]
= E[{X - EQ)}HY - E(V)}]
=Cov (X,Y)

i.e. covariance is independent of change of origin.

X—u Y-u

Ox ’ Oy

Property IV: Cov ( J = ! Cov (X,Y)

Ox Oy

Proof: Follows from property Il and Ill.

Property V: Cov (aX + b, cY + d) = ac Cov (X, Y)

or Cov (X +Y,Z)=Cov (X, Z) +Cov (Y, 2)

or Cov (axX + bY, cX +dY) =aco: +bd o + (ad + bc) Cov (X, Y)

Property VI: If X and Y are independent, then Cov (X, Y) = 0. However, the converse is not
true.

Proof: Let if possible

X=U-V and Y=U+V
X=U-V and Y=U+V
X-X=(U-0)-(V-V)

and Y-Y=(U-0)+(V-V)

Cov (X, Y) = E[(X - E(X)) (Y - E(Y))]
= E[(X-X) (Y- Y)]
=E[(U-0)-(V-V)}H{U-U+ (V-V}
=E[{(U-U)*- (V- V)}]
= E[(U - U)7] - E[(V - V)’]
= Var (U) - Var (V)

i.e. Cov (X, Y) = Var (U) - Var (V)

If we choose U and V such that Var (U) = Var (V), then Cov (X, Y) =0, however X = U -
VandY=U+VorX+Y=2Uie. XandY are dependent.

i.e. if for two random variables X and Y, Cor (X, Y) = 0, then X and Y need not be
independent.

Hence, converse is not true.
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20.4 Variance of a Linear Combination of Random Variables

Statement: Let X, Xo, ..... , X, be n random variables, then
Var [Z qxi} = a’Var(X;) +2) > aa,. Cov (X, X)
i=1 i=1 i=1 j=1
Proof: Let Y = a; X1 + axXs + ....... +a.Xs Q)
= E(Y) = a, E(Xy) + a2E(X,) + ....... +a, E(X) 0 (2

(1) - (2) implies
Y - E(Y)= al[Xl— E(Xl)] +a, [X2 — E(Xz)]+ ....... +a, [Xn - E(Xn)]

Squaring and taking expectation of both side, we get
ELY - E(Y))* = E[ay {X1 - E(X0)} + @2 {Xz - E(X2) +.....o.® @n{Xn - EXn)})?
= E[Y - E(Y)]? = &’ E [X; - EQX)]? + @2E [Xz - EQX)) +........ +

aZE[X - EXE 2y aa, EFX - O} X - EGON

i=1 j=1
= VarY = a’Var (X;) + a; Var (Xp) +....+ a2 Var (X,) +2 >_>" aa, Cov (X;, X))
i=1 j=1
= Var {Z a Xi}z D a var (X)+2> > aa, Cov (X, X)
i=1 i=1 i=1 j=1
Hence the result
20.5 Conditional Expectation and Conditional Variance
(1) For Discrete Random Variables:

The conditional expectation or mean value of a function g(X, Y) given that Y =y;, is
defined by

EGOX, VY =y] = D 9%, ¥,)PX= XY =y)

i=1

2. 9%,y (P(X=xNY =y,
i P(Y=Y))

In particular,
EXXIY =y) = D X PX=x1Y=Yy)
i=1
The conditional variance of X given Y =y; is given by
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V(XIY = y) = EfXIY = y)} Y = y]
(i) For continuous Random Variables:

The conditional expectation of g(X, Y) given Y =y is defined by

0

E[g(X, Y)Y Y =yl = > g(xy) fy, (x/ y)dx

—0

_ T 9N FXY) o

f, (y)
In particular,
E(XIY =) = T %(;/))dx
Similarly, E(Y.X = x) = T nyz(x)y) d

The conditional variance of X given Y =y be defined as
V(XIY =y) = E[X - E(XIY = y)} Y =]

and similarly,
V(Y/X = x) = E[{Y - E[Y/X = X)¥] X = X]

Let us improve our understanding of these results by looking at some of the following
examples:-

Example 1: Two random variables X and Y have the following joint probability density function
2-x-y,0<x<1,0<y<1
0 ; otherwise

fxy) = {

Find (i) marginal probability density functions of X and Y
(i) Conditional density functions
(iii) Var (X) and Var (Y); and
(iv) Covariance between X and Y

Sol: (i) By definition

=S (% y)dy

= j (2—x-y)dy
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N w

-X

§—x;0<x<1
xX) =142
0 : otherwise

3
——Vy;0 1
Similarly,  fuy)=42 VYT
0 ; otherwise
(i) By definition

Fo (X y) _ (2=X=Y)

fX/Y(X/y): fY(y) - (B_yj 1O<(X! y)<1
2
— FXY(X! y) — (Z_X_y)
fY/X(y/X)_ fx(y) - (3_)() !0<(X1y)<1
2
o _ 3 _ 5
iy EX)= !; x f, (x)dx = x[——xjdx =5

2 12

h 3 3, X[ 1
E(xz):f xz[——xjdx= x-S =2
0 2 6 41, 4

V(X) = E(X?) - {E(X)Y
_1 o2 11
T4 144 144

11
Similarly, V(Y) = —
Y. V{Y) 144

V)  EXY) =[] xy(2-x-y)dxdy
00

|

0

2 3 2. 2L
Xy Xy Xy dy
2 3 2 o
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6 12 12 144
Example 2: The joint p.d.f. of bivariate random variable (X, Y) is given by
6xy(2—x—Y);0<x<10<y<1l-y;0<y<l
0 ; otherwise

(X, y) = {

Find conditional expectation of X given Y =y where 0 <y < 1.

Sol: Here fy(Y) = T f(x, y)dx

1
= J' 6xy(2—Xx—y)dx
0

2 3

X X
=6y |(2-y) - =
y‘( y) >3

0

= 6y {@_%_O}

The conditional expectation of X given Y =y is

EXIY=y)= [ xfe, [%] dx

0

- f (X Y)
j X222 dx

= ()
_ T (BYR-x-y)
(4-3y)y
6 1

gy Jc: {(2-y)x* =} dx
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1

6 XX x
Taay V3
y 0
__6 {(Z—y)_g}
4-3y 3 4
_5-4y
8-6y

Example 3: The joint probability density function of X; and X; is
f(X, X2) =2,0<x; <X, <1
=0, elsewhere
Find,
0] The marginal probability density functions of X; and X,
(i) The conditional probability density function of Xy, given X, = X,
(iii) The conditional mean and conditional variance of Xy, given X, = X, ; and

and P(0< X, < lj
2
Sol: (i) The marginal probability density function of X; is

filx2) = j. 2dx,
X

_]2(1-%);0<x<1
| 0 : esewhere

The marginal probability density function of X, is

fa(xz) = ]Z 2dx,

%=0
=2X,;0<x,<1
- 0; elsewhere

(ii) The conditional probability density function of Xy, given X, =X,, 0<x;<1is

%) _ 2
Lio) 2%,

fxi/xz(xil X,) =

1
= —;0<x1 <X
X2
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=0 ; elsewhere
(iii) The conditional mean of Xy, given X, = X, is

EQXo =) = | % fix, 04/ 2)

[ ()=

¥ =0
_x 1
2 X

The conditional variance of X; given X, = X, is

2 2
Var (Xi/X; = Xp) = E( % j - {E[ %, H
X2:X2 X2:X2

|
— X
o
|
o
X
/;\
<
N——
N

%=0 2
.

3, X% 2
_X5 X

3 4

XZ
=—;,where0<x2<1

1

1 3 12

(v) P [0<x1<§/x2=zj = [, 0413/ 4)dx,
0

1 1/2 1/2
Plo<x <3 )= [ ood= | 2
0 0
_3
4

Example 4: Let X; and X, have the joint probability density function
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f(Xg, X2) = 6%, 0<x,<x1<1
=0, elsewhere
Find
0] The marginal probability density function of Xy;
(i) The conditional probability density function of X;, given X; = Xy;

(iii) If conditional mean of X, given X; = x; is random variable, Y(say), then find the
distribution function of Y and probability density function of Y;

(iv) The mean and variance of Y.
Sol: (i) The marginal probability density function of X; is

X

filx) = [ 6,0, =3¢, 0<x <1

0
=0 ; elsewhere
(i) The conditional probability density function of X,, given X; = X, is
f(%,%) - 2x,
f(x) 3¢

Fraxa(XalX1) =

2
= —)22 , 0<% <%
=0 ; elsewhere, where 0 <x; <1
(iii) The conditional mean of X,, given X; = x; is

X

EQGIX = x0) = [ %y, (61 %)d,

0

—=dx,

|
—
w|l o
PaNRs

|
o
N
X
N
=

Now, E(Xo/Xy) = 2?)(1 is a random variable Y.
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The distribution function of Y = 2—X1 is

G(y) =Pr(Y <y)

3y 2
=Pr| X;,£—|,0<y< —
(1 2} =Y=3

From the probability density function f1(x;), we have

f1(x1) = we have

3y/2 27 3
Gy) = | 3dx =

0

Also, G(y)=0,ify<0

2
,0<y< =
_y_3

and G(y)=1,if % <y.

Therefore, probability density function of

Y = 2_X1 is
3
, 81y’ 2
a(y) =G'(y) = ,Osys§
(iv) Mean of Y j

-
- (%

8l 1
8 2

Y_
4 0
Variance of Y (: 2%) is

Var (Y) = E(Y?) - [E(Y)]?

[l
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sy " (1Y
8 5 2
_81(32) 1
40 \ 243 4
_4 1

15 4

1

60

Example 5: Let the joint probability density function of random variables X and Y be
fx,y)e?,0<x<y<w
=0, elsewhere

Find moment generating function of this joint distribution and hence find the correlation
coefficient of X and Y

Sol: Given joint probability density function is
fx,y)=e”,0<x<y<ow
=0, elsewhere

Now, the moment generating function of this joint distribution is

M(tl, tz) _ ( t1x+t2y)

T T e”e?e Vdy dx

Xx=0 y=Xx

o0
_ J' tlx

© 6—X(1—t2)
= J' e ——dx
o0 -1-t,

e y(l tZ)

—t,)

[Here t, > 1]

y=x

- 1 J‘ex(lt1 ~t2) gy
1- 2 x=0

1 g tt) |°°
_(1_ t1 _tz) ‘o

provided that t; + t, < 1.
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andt, <1
1

= : ided thatt; +t,<Oandt, <1 ... 1
)t —t) provided that t; + t, and t, (1)
Further
oM (0,0 1
= E(X) = 0.9 . { > }
atl (1_t1_t2) (1_t2) (0,0)
oM (0,0 1 1
o= £(v) = M ){ 7+ } =2;
atz (1_t2) (1_t1_t2)(1_t2) (0,0)
0°M (0,0 2
E(X?) = (2 ):|: 3 } =4
ot; (Q-t -t,)°1-t) ©0)
2
E(YZ) = aM—(ZO’O) =6
ot;

ol=EX)- pi=2-1=1;
or =E(Y)- 1l =6-4=2;

8M (0,0)

= E(XY) = 3;
at,ét,
6>M (0,0)
E[(X - Y - =2 2
[(X - 1) (Y - p2)] Ao, M Mo
=3-2=1

Now, the correlation coefficient of X and Y is
E[X-m)(Y-)]_ 1

0,0, V2

Example 6: Let the two variates X; and X, have the joint density function f(x;, X;), then prove
that the conditional mean of X, (given X;) coincides with (unconditional) mean only if the

random variables X; and X, are independent (stochastically)

Sol: The conditional mean of X, given X is given by E(X,/X; = x;) = j X, T (%, /%)dx,

)

where f(x»/X1) is the conditional probability density function of X, given by X; = x;.

The joint probability density function of X; and X, is given by
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F(Xq, X2) = f1(X1) f(Xa/X1)

of  f(elx) = fix(l—xl)(;)

where f1(X,) is the marginal probability density function of X,
Substituting this value in (1), we get

EQGX: = %) = | [%’;;‘2)} o @)

unconditional mean of X, is given by

X2

E(X,) = j xf,00)d, 3)

From (2) and (3), we conclude that the conditional mean of X, (given X;) will coincide
with unconditional mean of X, only if

f%) _
— o = fa%2)
R(x)
i.e. if f(X1, X2) = f1(Xe) f2(X2)
i.e. if X; and X, are independent (stochastic tally)

Hence the required result
Self-Check Exercise

4y(x—y)e *:0< x<0,0< 0

Q.1  Thejoint p.d.f. of (X, Y) is given by fxv(X, y) = .
0 ; otherwise

Find E(X/Y =)

Q.2 If the random variable X have the marginal density
1 1
X)=1-— <X< —
f1(x) > >
and the conditional density of the vairable Y is

ILx<y< x+L—%<x<O
flylx) =

1,-x<y<1-x%0< x<%

then show that variables X and Y are uncorrelated.
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Q.3 Letf(x,y)= {

20x°y%0< x<y<1
0 ; otherwise

be the joint p.d.f. of X and Y. Find the conditional mean and variance of X given
Y=y,0<y<1

20.6  Summary

We conclude this unit by summarizing what we have covered in it:

1.

2
3.
4

Defined covariance
Proved different properties of covariance
Proved theorem of variance of a linear combination of random variables

Defined conditional expectation and conditional variance for discrete random
variables

Defined conditional expectation and conditional variance for continuous random
variables

Some examples are given related to each topic so that the contents be clarified
further.

20.7 Glossary:

1.

If X and Y are two random variables, then the covariance between them is
defined as

Cov (X, Y) = E[{X - E(X)} [Y - E(Y)}],
provided the expectations exists

The conditional expectation or mean value of a function g(X, Y) given that Y =y;,
is defined as

EGO Y)Y =y]= Y. (%, Y,)P (X=xilY =)

i=1

2,90 y)P(X =xN=Yy,)
= [For discrete random variables]
P(Y = yj)

The conditional variance of X given Y =y; is given by
V(XIY = yj) = E[{X - EXIY = y)FY =] [For discrete random variables)

3.

The conditional expectation of g(X, Y) given Y =y is defined as

0

E[9(X, Y)IY =yl = D> g(X,Y) fyy (X/ y)dx

—00
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Z g(x N Txy) dx [For continuous random variables]

= f, (y)
In particular
T oxf(x,
E(XIY =y) = I # dx
LA M0
Similarly, E(Y/X =x) = j y ]]: ((X )y) dy [For continuous random variables]

The conditional variance of X given Y =y is defined as

V(XIY = y) = E[{X - E(X/Y= y)}/Y=y]
and similarly,

V(YIX = x) = E{Y - E (Y/IX = x)}*/X = X] [For continuous random variables]
20.8 Answer to Self Check Exercise

Ans.1 E[X/Y =y] = y=z
y-1
Ans. 2 P(X, Y) =0, hence variables X and Y are uncorrelated.

Ans. 3 Conditional mean of X given Y =y
3
=—vy0<y<1
) y y

Conditional variance of X givenY =y

3y°
=—,0<y<1
g ' Y

20.9 References/Suggested Readings
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20.10 Terminal Questions

1. Let X and Y are two independent random variables, then show that the
correlation coefficient of X and Y is zero.
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Joint density function of Bivariate random variable (X, Y) is given by

1 e ¥;0<X<00,0<y<?2
Ixv(X, y) =42

0 ; otherwise
Find E {e2 /Yzl}

Let the random variables X and Y have the joint probability density function
fX,y)=2,0<x<y,0<y<1

=0, elsewhere
Then, show that

y

(@ The conditional means are, respectively, (1 + x)/2, 0 <x <1 and 5 O<y
<1;
(i) The variance of the conditional distribution of Y given X = x is
1- x)?
( ) ,0<x<1
12

2
and the variance of the conditional distribution of X, given Y =y is i/—z ,0<y<1

If the joint probability density function of X and Y is given by

1
—(2x+ , O<x<10<y<?2
oy = 14 &Y 10<y

0 , otherwise

Find the conditional mean and conditional variance of Y given X = 2
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